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1 SOURCES 2

1 Sources

The main source for these notes is the book Finite Reflection Groups by Benson and Grove,
Springer Verlag, Graduate Texts in Mathematics 99.
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2 Reflections

This course is about finite reflection groups. By definition, these are the finite groups gen-
erated by reflections, and to begin the course I will define reflections. To define reflections,
we need to first recall some material about vector spaces. Throughout the course, we will
often let V' = R", n-dimensional Euclidean space. This is a vector space over R. For
example, we might consider the real line R, the real plane R? or R3. Fix a hyperplane P in
V, i.e., a subspace of V' of dimension n — 1. In the real line R there is only one hyperplane:

In R?, they are the lines through the origin:

And in R3, they are the planes through the origin:

The reflection with respect to P is the function
S: V=V

which sends each vector to its mirror image with respect to P. So, for example, in R, there
is only one reflection
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In R2 we have:

What does it mean, exactly, to send a vector to its mirror image with respect to P? To
define this precisely we need to recall that V is equipt with an inner product defined by

n
(z,y) = Z TiYi-
i=1

As usual, the length of a vector x € V is defined to be
ol = (@, )12
The Cauchy-Schwartz inequality asserts that

(@, 9)] < ll=[lllyl]

for z,y € V. It follows that if x,y € V are nonzero, then

(z,9)
— lllllyll —
If z,y € V are nonzero, then we define the angle between x and y is defined to be the
unique number 0 < # < 7 such that

(@,y) = |[[[[ly]l cos 0.

The inner product measures the angle between two vectors, though it is a bit more compli-
cated in that the lengths of x and y are also involved. The term “angle” does make sense
geometrically. For example, suppose that V = R? and we have:

X
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Project x onto y, to obtain ty:

z x
0
- Y
ty
Then we have
T =z+ty.
Taking the inner product with y, we get
(z,y) = (29)+ (ty,y)
(z,y) = 0+1t(y,y)
(z,y) = tlyl?
P y2).
Iyl
On the other hand,
t
ol
]
cosf) = tM
]
lll cos 6.
[yl
If we equate the two formulas for ¢ we get (z,y) = ||z||||y|| cos#. We say that two vectors

are orthogonal if (z,y) = 0; if z and y are nonzero, this is equivalent to the angle between
x and y being 7 /2. If (x,y) > 0, then we will say that  and y form an acute angle; this
is equivalent to 0 < 6 < w/2. If (z,y) < 0, then we will say that = and y form an obtuse
angle; this is equivalent to 7/2 < 6 < 7. If X is a subset of V', then we define the orthogonal
complement X+ of X to be the set of all y € V such that (x,y) = 0 for all z € X. The set
X1 is a subspace of V, even if X is not. If W is a subspace of V, then one has

V=WaWw.

With these definitions we can give a formal definition of a reflection with respect to a
hyperplane P. From above, we have a decomposition

V=PaopPL
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Since P is n— 1 dimensional, P is one dimensional, and spanned by a single vector. Thus,
to define a linear transformation on V, it suffices to define it on P and P+. We define the
reflection with respect to P to be the the linear transformation S : V' — V such that
Sz = for  in P and Sx = —z for x € PL. It is easy to see that

S?=1;

a reflection has order two in the group of all invertible linear transformations. One can
give a formula for S. Suppose that
P+ =Ry

Then

Proposition 2.1. We have
(w,7)

(r,7)

Proof. Let T be the linear transformation defined by the above formula. If x € P, then
clearly Tz = z. If x € P, say o = cr for some ¢ € R, then

Sr=x—2

r.

Tx = x_2(cr,7“)r
(r,7)
= x—2cr
= x—2z
= —zx.
It follows that T'= 5. L]

Non-zero vectors also define some useful geometric objects. Let » € V' be non-zero. We
may consider three sets that partition V:

{r eV :(x,r) >0}, P={zeV:(x,r)=0}, {yeV:(z,r) <0}

The first set consists of the vectors that form an acute angle with r, the middle set is the
hyperplane P orthogonal to Rr, and the last set consists of the vectors that form an obtuse
angle with r. We refer to the first and last sets as the half-spaces defined by P. Of course,
r lies in the first half-space. Let S be the reflection with respect to P. Using the formula
from Proposition 2.1 shows that

(Sz,r) = —(z,7)

for z in V, so that S sends one half-space into the other half-space. Also, S acts by the
identity on P. Multiplication by —1 also sends one half-space into the other half-space;
however, while multiplication by —1 preserves P, it is not the identity on P.



3 THE ORTHOGONAL GROUP 7

3 The orthogonal group

We will be interested in the finite groups generated by reflections contained in the group
of all invertible linear tranformations. As it turns out every reflection is actually contained
inside a smaller group, called the orthogonal group. The orthogonal group O(V) is
the set of all linear transformations 1" of V' which preserve the angles between vectors, or
equivalently, all linear transformations 7" such that

(Tz, Ty) = (x,y)

for x,y € V. It is easy to see every element of the orthogonal group O(V) is indeed an
invertible linear transformation, and that O(V) is a subgroup of the group GL(V') of all
invertible linear transformations on V. Every reflection is contained in O(V'):

Proposition 3.1. If S is a reflection with respect to the hyperplane P, then S is contained
in O(V).

Proof. Using notation from above, we have for x € V:

(z,7)

= (z— r,x — (z, T)r

(Sz,Sz) = (-2 )" 2 ) )
C (ra) (z,7) o) — (x,7) . (z,7)? -
- (7 ) 2(70’74)(7) 2(7",7“)(’ )+4(T,T’)2(’)
N o
= ()4 (ryr) 4 )
= (1‘,.%‘)

This proves the proposition. ]

In a moment we will compute the finite subgroups of O(V') when V' is one, two and
three dimensional. First, however, we will record a couple more general facts.

Proposition 3.2. If T'€ O(V) then detT = £1.

Proof. Let eq,...,e, be the standard basis for V, regarded as column vectors. We will
prove this by computing (T'e;, T'e;) in two different ways. First, we have

(Tei,Tej) = (61', ej) = (5”
On the other hand,
(Te’ia Te]) = t(Tez)(Tej) = teitTTej.

We thus have
teitTTej = 51]

This is also the ij-th entry of *T'T. Hence, *TT = 1, and so det T = £1. O
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What is the determinant of a reflection?
Proposition 3.3. If S is the reflection with respect to the hyperplane P, then det S = —1.

Proof. Choose a basis vy, ...,v,—1 for P. Then r,v1,...,v,_1 is a basis for V. The matrix
of S with respect to this basis is:

-1

The determinant of this matrix is —1. O

We will say that 7' € O(V) is a rotation if det7 = 1. This name for elements of
O(V) with determinant one will be justified by proving that in the cases dim V' = 2 and
dimV = 3 a rotation is a rotation in the everyday sense. The subgroup of rotations in
O(V) is often denoted by SO(V).

Reflections are not rotations, but a product of an even number of reflections is a rota-
tion. If G is a subgroup of O(V), then the set of rotations in G' forms a normal subgroup
of index at most two:

Proposition 3.4. Let G be a subgroup of O(V'), and let H be the subset of all elements T
G such that det T = 1. Then H is normal in G, and |G : H] < 2.

Proof. The map det : G — {£1} is a homomorphism with kernel H. Hence, H is normal
in G, and G/H embeds in {#1}, proving the result. O
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4 Finite subgroups in two dimensions

We will now determine the finite subgroups of O(V') when n = 1,2 and 3. The situation
when n = 1 is rather simple. Suppose that 7" : R — R is in O(V). Since V is one
dimensional, it is spanned by a single vector, e.g., 1. With respect to this basis, T" is given
by multiplication by a number, say c¢. Since (Tx,Ty) = (z,y) for all z,y € R, we have
c2zxy = zy for all z,y € R. This means ¢ = +1. The maps given by multiplication by +1
are both in O(V), and so O(V) = {£1}. The map —1 is a reflection.

Turning to the case of dim V' = 2, we have the following theorem.

Theorem 4.1. Assume that dimV =2, and let T € O(V). Then T is either a rotation or
a reflection. If T is a rotation, then there exists 0 < 6 < 27 such that the matriz of T is

|:COS 6 —sin 9}

sinf cosf

with respect to the standard basis for V', and T rotates vectors in the counterclockwise
direction through the angle 6. If T is a reflection, then there exists a 0 < 6 < 2w such that
the matriz of T is

[cos@ sin 6 ]

sinf@ —cosf

with respect to the standard basis for V.

Proof. Let’s determine the matrix of an arbitrary element 7' of O(V') with respect to the
standard basis. Suppose that
Tel = peq + ves.

Since T preserves lengths, we must have

(Tel, Tel)
(pe1 + veg, ey +vea) =
)

p2(e1,e1) + pv(er, ea) + vules, er) + v2(eq, e
M2 + [

61,61)

|
S

We also have
(Tel,Teg) = (61, 62) =0.

This means that, besides being of length one, T'es is orthogonal to Te;. Since we are in
two dimensional space, it is true that, and easy to prove that, there are only two vectors
in V of length one which are orthogonal to T'e;. These are

—vey + pey, —(—vej + pes).

The picture is:
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)
Te1 = per + ves

—vey + pe2
e1

vel — pes

We find that the matrix of 7" with respect to the standard basis is

A ]

Voo v o—u

We can analyze this a bit more. As p? + v? = 1, there exists 0 < § < 27 such that
uw=cosf, v=sind.

Then matrix of T is

[cos 6 —sin 9] [cos 6 sind ]
or )

sinf@ cosf sinf@ —cosf

Assume that the first possibility holds. Then evidently, as every vector is a linear combi-
nation of e; and eq, and as T rotates e; and es in the counterclockwise direction by 6, T
is a rotation in the counterclockwise direction by 6:

€2 Teq
Tes w K 0
el

It is also clear that detT" = 1 in this case; T is a rotation as defined before.

Next, suppose the second possibility holds. Squaring the matrix for 7' we find that
T? = 1. Since reflections are of order two, perhaps T is a reflection. This is indeed true.
One way to see this is to note that if

T1 =cos—e] +Sin—-ey x9 = —sin—e cos —e
1 €1 562 T2 5€1 + 562
then direct computations show that
T:Cl =, Tl'g = —I9.

As (z1,29) = 0, T is the reflection with respect to the line spanned by x;.
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The picture is:

To €2 Teq
xr1
\ éie/z
€1
This proves the theorem. O

We can also interpret the theorem in terms of complex numbers. Assume that the
notation is as in the statement of the last theorem, and regard V is regarded as C. If T is

a rotation with angle 6, then T is multiplication by
e = cosf + isin .

If T is a reflection as in the theorem, then the matrix of T can also be written as
T cosf sinf | [cosf —sind| |1
~ |sinf —cosf@| |sinf cosf —1|"
The matrix on the left is a rotation by 6, i.e., multiplication by e, and the matrix on the

right is the reflection through the z-axis, i.e., complex conjugation.

Corollary 4.2. Assume that dim'V = 2. Then the subgroup of rotations in O(V') is
abelian.

Proof. By Theorem 4.1 the matrix of every rotation with respect to the standard basis has
the form

[T

2
for some p,v € R. A calculation shows that matrices of this form commute with each
other. O

Corollary 4.3. Assume that dimV = 2. Any two reflections are conjugate to each other
via a rotation.

Proof. We will write elements of O(V') in the standard basis. Let S be a reflection, so that

s-[n )

for some real numbers p and v such that u? 4+ 1% = 1. To prove the corollary, it will suffice
to prove that there exist real numbers a and b, not both zero, such that

PR R R A e
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This equality holds if and only if
1—pu —v al |0
v —(1+w||b] [0

1—pu —v _
w1 L) o

this system has a non-zero solution. O

Since

Next, we turn to the problem of finding all the finite subgroups of O(V) when n =
2. What are some examples of finite subgroups of O(V)? Suppose that n is a positive
integer, and let § = 27 /n. Consider the element R of O(V') which is a rotation in the
counterclockwise direction through the angle . The subgroup generated by R clearly is of
order n, and the elements have matrices

Rk _ c9s(k:27r/n) —sin(k27/n) O<k<n_1
sin(k2m/n)  cos(k2mw/n) |’
with respect to the standard basis. We will denote this subgroup by C3. This group, of
course, does not contain any reflections.

Are there any more examples? Yes: we can enlarge C3 by using a reflection. Let §
be any reflection. Let’s consider the subgroup generated by R and S inside O(V'). Then
RS is also a reflection because det RS = —1, and by the above theorem, RS must be
a reflection. This implies SRSR = 1. This also can be verified geometrically. Hence,
RS = SR™! = SR™!. From this, we see that every element of the subgroup generated by
R and S is in the following list:

1,R,...,R" ' S SR,...,SR" L.

All the elements on this list are distinct, and so this is the entire group. This group is
called the dihedral group of order 2n, and is denoted by H5. We do not denote the
dependence on S in the notation for the dihedral group. The reason is that these groups
are all very similar, and in fact conjugate to each other inside O(V') by Corollary 4.2 and
Corollary 4.3. The group H5 is generated by reflections, in contrast to S5. The following
theorem proves that these are all the possible finite subgroups of O(V').

Theorem 4.4. Let V =R2. Then the finite subgroups of O(V) are the groups C§ and H3
for n a positive integer.

Proof. Let G be a finite subgroup of O(V). We have seen that the subgroup H of G of
rotations is of index at most two. Let us first determine the structure of H. If H = 1,
there is nothing more to say; assume H # 1. If R € H, then we proved that R is a rotation
through an angle 6 in the counterclockwise direction with 0 < 6§ < 27w. Let R be the



4 FINITE SUBGROUPS IN TWO DIMENSIONS 13

nontrivial rotation with 8 minimal; this exists, as H is finite. Next, for each T' € H, pick
an integer m such that
mb < 0(T) < (m+1)6.

Then
0<6(T)—mb <6 <2m.

In fact, O(T) — m# is the angle for a rotation in H, namely R~™T: R™™T is a counter-
clockwise rotation through the angle 6(T'), followed by m clockwise rotations through the
angle O(R). This means that

O(R™™T) =6(T) —mb.
By the minimality of 6, this must be zero, which means
T=RM"

We have proven that H = C‘2H|.

If G = H, we are done; assume H # G. Then H is a subgroup of G of index two. Let
S € G with S ¢ H. Then det S = —1; by the above theorem, this implies S is a reflection.
Since H has index two, G is generated by R and S. Therefore, G = H4 (for this choice of
S). O

We can draw some pictures concerning the dihedral group. Let n be a positive integer,
and set 0 = 2w /n. As usual, let R be the rotation through 6 degrees. Let S be the reflection
through the xz-axis. We consider the dihedral group H generated by R and S. This is also
generated by T = RS and S. What is T'? It is a reflection, because it has determinant —1,
and in two dimensions, an element of O(V') with determinant —1 is a reflection. What line
is it a reflection through? It is the line through the origin which makes an angle /2 with
the z-axis. Let us call this line L. Then a useful picture associated with H can be drawn
as follows. Let F' be the open region between the z-axis and L. It is not too hard to see
that no two points of F' can be mapped to each other using a nonidentity element of F
(certainly, any nonidentity power of R cannot map two points of F' to each other; the same
is true for all elements of the form RS for 0 < k < n —1). Thus, if we apply the elements
of H to F, we will obtain as many open regions as there are elements of H, namely 2n.
Each of these will be one of other 2n — 1 wedges through an angle 6/2 (applying powers
of R to the wedge F' gives n such regions; applying powers of R to SF gives the rest. We
can label each of the wedges with the element which yields this wedge when applied to F'.
It gives a kind of picture of H. This is illustrated in the case n = 4:
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TS T
ST 1
TSTS S
sTS | ST

We call F' a fundamental region for F; we will discuss fundamental regions for reflection
groups later on.

There is another picture which also helps in understanding H. Let x be the vector of
length one on the line L pointing in the positive direction. If we apply powers of R, we
obtain n vectors of the same length, with an angle 27 /n between each vector. Connect the
vectors with line segments. The result is a regular n-gon X. The group H is the subgroup
of elements of O(V') which map X to itself: it is the symmetry group of X (certainly, the
symmetry group of X is a finite subgroup of O(V') containing H. But the symmetry group
can be no bigger by the classification of finite subgroups of O(V)) . In the case n = 4 we
have:
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5 Finite subgroups in three dimensions

As in the case of two dimensions, we will determine the finite subgroups of O(V'). Just as
in the the two dimensional case, we first need some general structure theorems about the
elements of O(V).

Lemma 5.1. Suppose that V' has dimension n (not necessarily three), and T € O(V'). If
A is an eigenvalue of T, then A = 1.

Proof. We regard R™ as contained in C". We can extend the inner product on R” to an
inner product on C™ by
n
(@,y) =Y wifi.
i=1

The map T : R® — R" extends to a map C* — C" by linearity, and we have again
(Tz,Ty) = (z,y) for z,y € C". There exists a nonzero vector x in C" such that Tx = Az.
We get

(z,2) = (Tz, Tx) = A(z, 7).

Since (z,7) # 0, we get A\ = 1. O

Theorem 5.2. (Euler) Assume that dimV = 3. Let T' € O(V) be a rotation. Then T
s a rotation about a fived axis, in the sense that T has a eigenvector x with eigenvalue 1
such that the restriction to P =z is a two dimensional rotation of P.

Proof. Consider the characteristic polynomial of T'; let A1, Ao and Az be its roots in C. If
\ is a root of the characteristic polynomial, then X is also a root. Since the characteristic
polynomial of T" is of degree three, one of the roots, say A1, of the characteristic polynomial
is real. By the lemma, A\; = £1. In addition, we have detT" = A1 AaA3 = 1. Hence, Aa)\3
is also real. If Ao is not real, then Ao = A3, and Aadsz = Aoda = 1, so that \; = 1. If \y is
real, then so is A3; by the lemma we have Ao = +1 and A3 = +1; since A; A2 A3 = 1, at least
one eigenvalue is 1. We thus, in any case, may assume Ay = 1. Let = be an eigenvector for
the eigenvalue 1. Consider P = z; we claim that T preserves P. For let y € P. Then

(Ty,x) = (y, T~ 'x) = (y,x) = 0.

Thus, TP = P. Consider now the restriction of T" to P. Since Tx = z, and detT = 1, we
must have det(T'|p) = 1. That is, the restriction of T to P is a rotation. O

The previous theorem asserts that in three dimensions, rotations really are rotations in
the everyday sense.

In the two dimensional case it was also important to understand the elements of O(V)
with determinant —1: what can be said in the three dimensional case about such elements?
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Theorem 5.3. Suppose T' € O(V') has detT = —1. Then T is a reflection through a plane
P, followed by a rotation about the line through the origin orthogonal to P.

Proof. Arguing just as in the proof of the last theorem, —1 is an eigenvalue for T. Let
x be an eigenvector of eigenvalue —1. Again, let P = z-. Just as before, TP = P; and
now det T'|p = 1. This means that T'|p is a rotation. We can choose an orthonormal basis
x9,x3 for P such that the matrix for T'|p is:

[Cos § —sin 0}

sinf)  cosf
for some 0 < 6 < 2w. The matrix of T" in the basis z, zo, x3 is

-1 0 0
0 cosf —sinf
0 sinf cos@

We can write this as
1 0 0 -1 0 0
0 cosf —sinf 0 1 0
0 sinf cos@ 0 0 1

The matrix on the right is that of the reflection through P; it is followed by the rotation
about the line through the origin orthogonal to P through an angle 6. O

We will start our classification of the finite subgroups of O(V') when V' is three dimen-
sional by first determining finite subgroups consisting of rotations. It will be easy to obtain
all finite subgroups of O(V') from a list of all finite rotation subgroups since 3 is odd.

To start, we consider the rotation subgroups that come from two dimensions. Let
V = R3, and inside V pick a plane W through the origin; we call it W instead of P
because we want to distinguish it from the hyperplane determining a reflection. It turns
out that there is a way to extend any element of O(W) to a rotation of V. Define

O(W) < SO(V)

by sending T" € O(W) to the map T : V' — V defined by letting T" be defined as before on
W, and by letting Tz = det T - = for z € W, In terms of matrices, this map is given by

detT O
T+—>[ 0 T}

It is clear that this map is a homomorphism, and thus gives an injection of O(W) into
SO(V).

What finite rotation subgroups do we obtain by using this map? Before, we saw that
the finite subgroups of rotations in two dimensions were the cyclic subgroups C3 for positive
integers n. Using the above inclusion, we obtain finite cyclic subgroups of rotations in O(V)
which we will denote by C%'. In terms of pictures, we have:
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WL

In addition to finite cyclic groups, O(W) also contains the finite dihedral groups. We
will denote the image of Hy by H%. It is natural to wonder what happens to the element
S of Hy under the inclusion. In O(W) it is a reflection, but it maps to a rotation in three
dimensions. It is the rotation through an angle m around the line L. The picture is:

WL

How many different finite rotation subgroups of O(V') do we obtain in this way? Based on
group structure and orders, the only possible pair of subgroups that could be isomorphic are
82 and H}, which both have order two. Each of these consists of the identity transformation
along with another element which is a rotation through 7 degrees.

What about other finite rotation groups? We saw in two dimensions that the finite
subgroups of SO(W) and O(W) arise as symmetry groups of the regular n-gons. It is thus
natural to consider the same kind of source in three dimensions. There are five regular
convex polyhedra in three dimensions: the tetrahedron, the octahedron, the cube, the
dodecahedron, and the icosahedron. We regard this as being centered at the origin in
R3. We ask: what are the rotations which preserve these polyhedra, i.e., what are the
rotational symmetry groups of these solids? In fact, the octahedron and the cube have the
same rotational symmetry group, and the dodecahedron and the icosahedron have the same
rotation symmetry group. The reason is because these members of these pairs of solids are
dual to each other: if in one member one connects the center points of the faces, then one
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gets the other member of the pair. Thus, we need to only consider the tetrahedron, the
cube, and the icosahedron.

We will denote the rotational symmetry group of the tetrahedron by 7. The elements
of 7 can be listed as follows. If we draw a line from a vertex through the center point of the
opposite face, then there are two rotations about this axis which preserve the tetrahedron,
through angles 27/3 and 2 - 27/3. Next, we can pick the midpoint of an edge, and draw
the line through the midpoint of the opposite edge: there is a rotation through an angle 7
through this axis which preserves the tetrahedron. Of course, 7 also contains the identity
transformation. So we obtain:

IT|=4-24+3-14+1=12.

Next, let W be the rotational symmetry group of the cube. Besides the identity element,
W consists of: the rotations around the axes through the center points of opposite faces
with angles 27/4,2 - 2 /4 and 3 - 27/4; the rotations around the axes through opposing
vertices with angles 27/3 and 2-27/3; and the rotations around the axes through the center
points of opposing edges with angle 27/2. Hence,

W|=3-3+4-24+6-1+1=24.

Finally, let Z be the rotational symmetry group of the icosahedron. It has 20 faces,
30 edges, and 12 vertices. Besides the identity element, Z consists of: the rotations about
the axes through the center points of opposing faces with angles 27 /3 and 2 - 27/3; the
rotations about the axes through opposing vertices with angles 27 /5,2 -27/5,3 - 27/5 and
4 - 27 /5; the rotations though the center points of opposing edges with angle 27/2. Hence,

17| =10-2+6-4+15-1+ 1 = 60.

So far, we proved some general structural theorems about elements of O(V'), and found
some examples of finite rotation groups in O(V') when V is three dimensional. Next, we
will prove that we have in fact found all finite rotation groups. To do this, we need to
introduce another concept. Suppose that 7" in O(V) is a rotation and T' # 1, with V' three
dimensional. Because T is a member of the orthogonal group it preserves length, and thus
permutes the points of the unit ball, i.e., all the vectors of length one. But more is true:
by Euler’s theorem, since 1" is just a rotation about some axis, T fixes exactly two points
on the unit sphere, namely the two points where the axis of rotation intersects the unit
sphere. We will call these two points the poles of T'. The picture is:
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pole
1

0
1

pole

Lemma 5.4. Assume V is three dimensional, and G is a group of rotations of V, i.e., a
subgroup of SO(V'). Let S be the set of all the poles of G. Then G permutes S.

Proof. Let x € S, and R € G. We need to show that Rr € §. Since x € S, there exists
T € G such that Tz = . We have

(RTR YRz = RTx = Ra.
As RTR™!' € G, we have Rz € S. O

This lemma can be used as a basis for obtaining a condition on G which will lead to a
determination of all the finite rotation groups in three dimensions. First, however, we look
at some examples:

Proposition 5.5. We have

G | |G| | number of poles = |S| | Orbits | Orders of orbits | Orders of stabilizers
Cy | n 2 2 1,1 n,n

HE | 2n 2n + 2 3 n,n, 2 2,2,n

T |12 14 3 6,4,4 2.3.3

W | 24 2 3 12,8,6 2,3,4

7 | 60 62 3 30,20, 12 2.3.5

Proof. C3: This is the group of rotations generated by a single rotation about an axis
through angle 27 /n. The points on the unit sphere fixed by these rotations are the points
of distance 1 on the axis from the origin, and there are two such points. Hence, |S| = 2.
These points clear like in different orbits, and both are stabilized by every point of C3'.
‘Hy: This is the rotational symmetry group of the regular n-gon. The 2n — 1 nontrivial
rotations in this group are divided into two sets. In the first set are the n — 1 non-trivial
rotations with common axis through the center of the n-gon perpendicular to the n-gon;
these all share the same 2 poles. In the second set are the n non-trivial rotations with axes
in the same plane as the n-gon; the vertices and the center points of edges of the n-gon
are the poles of these rotations, and there are 2n such poles. Altogether there are 2n + 2
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poles. The two poles which lie on the axis through the center of the n-gon clearly form
an orbit, and the stabilizer of an element of this orbit has order n. The vertices of n-gon
form another orbit with n elements, and the stabilizer of an element of this orbit has order
2. The midpoints of the sides of the n-gon form another orbit with n elements, and the
stabilizer of an element of this orbit has order 2.

T: The nontrivial rotations in this group have together 7 axes, and each axes has two
poles, so that there are 14 poles. The vertices of 7 all lie in the same orbit, and they
form an orbit with four elements. The order of a stabilizer of an element in this orbit is
3. Similar comments apply to the midpoints of the faces, which may also be regarded as
poles. Finally, the midpoints of edges also form an orbit with 6 elements, and the stabilizer
of a point in this orbit has 2 elements.

W: The nontrivial rotations in this group have together 13 axes, and each axes has two
poles, so there are 26 poles. The center points of opposing edges are all poles, and form
an orbit. There are 12 such points, and the order of a stabilizer of a such a point is 2. The
vertices of the cube all lie in the same orbit, and they form an orbit with 8 elements; the
order of a stabilizer of an element in this orbit is 3. The center points of opposite faces are
all poles, and form an orbit. There are 6 such points, and the order of a stabilizer of such
a point is 4.

Z: The nontrivial rotations in this group have together 31 axes, and each axes has two
poles so there are 62 poles. The remaining analysis is similar to the last two cases. O

Theorem 5.6. Let V' be three dimensional, and let G be a finite group of rotations of V.
Consider the action of G on its set S of poles, so that there is a partition into orbits:

S=0,U---UQO.
Let n = |G| and v; = |O;|. Then
k

2 V;
2- ==y "1--".

Proof. Let U be the set of all pairs (T',x) where T' € G is a nonidentity element and x is a
pole of T'. We will count U in two different ways. First, based on counting starting from a
nonidentity group element, as each such element has exactly two poles, we have

U| =2(n—1).
Second, we can count by starting from a pole. Fix z € S. The map
{(T,y) el :y=a} — G — {1}

defined by T+ T is clearly a bijection. Hence,

Ul =D (1G:| = D).

zeS
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We can further compute this sum. For each i, fix an element x; € O;. Then:

k
D (G =) > > (G- 1)

€S i=1 z€0;
k
S D) (B
=1 z€O;
k
DY (AR
i=1 2€0;
Kk
= > (|Ga| - 1)|0]
i=1
k
= D_1Gx|0i - 0]
i=1
Kk
= Z n —v;.
i=1
Equating the two ways of counting || and dividing by n gives the result. O

Theorem 5.7. If G is a finite rotation group, then G is conjugate in O(V) to C§, n > 1,
5.m>2, T, WorlI.

Proof. Let G be a finite rotation group. We will first show that |G|, |S|, the number of
orbits and their size must be as on one of the lines of the above table. To prove this, we
first note that we may assume n > 1. This implies:

2
1<2—-—<2.
n

Now n/v; is the number of elements in the stabilizer of any element of O;, and every pole
is stabilized by at least two elements: hence,

njv; > 2.
This implies
vi/m < 1/2
—vi/n > —1/2
1—’07;/’1% > 1/2,
so that
Loy %y
2~ n '
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Since
2 b V;
2-"=) 1--2

we conclude that £ = 2 or kK = 3.
Assume k£ = 2. Then

2 (4] %)
2—— = (1—-—— 1-—

2o 0-Myea-y

2 _ u_ v

n - n n

2 = v+ vs.

We must have v1 = v = 1. This gives the C% line of the table.
Assume k = 3. We may assume v; > vy > v3. Then

R R
2~ n _ n - n
Also, we have
U1 V9 V3
1—— 1—--—= 1-—=)=2—-——-<2
-+ a-2)+a-2)=2-=
This means
V1 2
1-— < =
n 3
(%] 1
7>7
n 3
2 o< o3
U1

The number n/v; is a positive integer greater than or equal to 2 (it is the order of the
stabilizer of any point in ;) and therefore

9
V1
That is,
n
V1 = 5.
This tells us that
n/2 Vo V3 2
11— — 1-—= 1-—=) = 2——<2,
-+ a-2)+ -2 =
1 V2 V3 2
— 1--—= 1-—=) = 2——<2
-2y +a-2) Z <o,



5 FINITE SUBGROUPS IN THREE DIMENSIONS 23

(%] V3 3 2 3
1--—= 1—--2) = ———< =
( n)+( n) 2 n 2

We must have

V2 3

1-—= < —
n 2-2
V2 1
P < R
n 4
V2 1
J— > —_
n 4
ooy
V2

Again, n/vy is an positive integer which is at least two. This means that

n n
Vg = — Or vy = —.
2 3

Assume vy = n/2. Then

S

S
N oW
SN s

That is, in this case we have:

n
y U = —,v3 = 2.

V1 = 5

|3

This is the H5 line of the table.
Finally, assume vo = n/3. Then computations show that

1 1 2

nfvs 6 n’

If n/vs =1 or n/vg = 2, then v = n/3 < vs, a contradiction. If n/vz = 3 then n = 12,
and v; = 6, v = 4 and v = 4. This is the 7 line of the table. If n/vg = 4, then n = 24,
v] = 12, vy = 8 and v3 = 6. This the W line of the table. If n/v3 = 5, then n = 60, v; = 30,
vy = 20 and vz = 12. This is the Z line of the table. Finally, n/vs > 6 is impossible as it
would imply 2/n < 0.

We have proven that G satisfies the conditions in the last five entries of one of the
rows of the table in the statement of Propostion 5.5; next, we will prove that G is in fact
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conjugate in O(V') to one of the groups listed in the statement of the theorem we are
proving.

Suppose first that G satisfies the conditions in the last five entries of the first row
of the table. Since the non-identity elements of G have the same two poles, it follows
from Theorem 5.2 that the elements have a common eigenvector x and the restrictions of
the elements of G to P = x are rotations. By the proof of Theorem 4.4, the group of
restrictions of the elements of G to P is C%. It follows that G is conjugate in O(V') to C¥.

Suppose that G satisfies the conditions in the last five entries of the second row of the
table and that 2n > 2, so that n > 2. We need to prove that G is conjugate in O(V) to
#H3,. Let = be a pole that has an orbit of order 2, and let G, be the stabilizer in G of x.
Then the order of G is n. The elements of G, map the space P = z into itself, and the
restrictions of the elements of G, to P = - are rotations. As in the last paragraph, the
group of restrictions of the elements of G, to P is Cj with respect to P.

Let y be a pole of G not in the orbit of x; we will prove that y € P. We have V = Rx®P.
Write y = cx + z for some ¢ € R and z € P. We first claim that z # 0. For suppose that
z=0. Then y = ¢z, and ¢ = +1; since z # y, ¢ = —1 so that y = —z. This implies that
Gz = Gy. The index of G, = G, in G is 2; let T' be representative for the non-trivial coset
of Gz = G in G. The orbit of x is {z, Tz} and the orbit of y is {y, T'y}. By the table, we
must have n = 2, so that G has order 4, and G, = G, has order 2. Since G has order 4,
G is abelian. Let G, = G, = {1, R}. We have Rz = x, so that R(Txz) = T'z. This implies
that Tz is a pole of R, and hence that Tz = +x. Since the orbit {x,Tz} has order 2,
we must have Tx = —x = y, contradicting the assumption that y is not in the orbit of z.
Thus, z # 0. Next, let S € G, be non-trivial. Since G, has index two in G, G, is normal
in G, so that S~1G,S = G,. Let R be a non-trivial element of G,. Then S™'RSz = =z,
or equivalently, R(Sz) = Sxz. This implies that Sz is a pole of R; since the two poles of R
are x and —x, we have Sz = x or Sz = —x. Assume first that Sx = z, so that S € G; we
will obtain a contradiction. Since S is non-trivial and Sz = x, we must have that S|p is a
non-trivial rotation of P; in particular, Sz # z because z # 0. We now have

Sy=cSr+ S5z
y=cr+ Sz
cx+z=cx+ Sz
z=2_8z,
which is a contradiction. Thus, Sz = —z. Calculating again, we have
Sy=cSr+ Sz
y=—cx+ Sz

cr+z=—cx+ Sz
2cx = —z+ Sz.
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The vector 2cx lies in Rx while —z 4+ Sz lies in P. Therefore, 2cx = —z + Sz = 0, so that
c = 0 and hence y € P, as claimed.

Now we can complete the argument that G is conjugate to H% inside O(V). By the
table, G, has order 2; this means that S has order 2 and is thus a rotation by 7 degrees
about the line through y. Since the poles +y of S lie in P by the last paragraph, it is now
evident that G is conjugate to HY inside O(V).

The remaining cases of the table will be omitted. O

We are close to being able to state the classification of finite subgroups of O(V') when
V' is three dimensional. This classification will use the classification of finite rotation
subgroups. To use this classification we will need to describe two ways of constructing
subgroups of O(V') from rotation subgroups. These two constructions depend on the fact
that

-1
—1= -1 € O(V), det(—1)=-1.
-1

By —1 we mean multiplication of vectors by —1. This can be viewed as the reflection
through the zy-plane, followed by a rotation through an angle m around the z-axis. The
element —1 has the property that it lies in the center of O(V').
To describe the first construction, suppose that H is a group of rotations. Consider the
set
H*=HU(-1)H.

It is easy to see that this set forms a subgroup of O(V'); moreover, |H*| = 2|H]|.
The second construction will only apply to certain rotation subgroups. Suppose that
K is a group of rotations and K contains a subgroup H of index 2. Consider the set

KIH=HU{-T:T €K — H}.
It can be verified that this is a subgroup of O(V). We have |K|H| = |K| = 2|H]|.

Proposition 5.8. Let G be a subgroup of O(V'), and let H be the subgroup of G of rotations.
Then exactly one of the following holds

i) G is a group of rotations;
ii) G is not a group of rotations and —1 € G, in which case G = H*;

iii) G is not a group of rotations and —1 ¢ G, in which case G = K|H for some group
of rotations K containing H as a subgroup of index two.

Proof. If G = H, then the first case holds. If —1 € G, then clearly G = H*. Assume
G#Hand -1¢G. Let S€G, S¢ H. Then S? € H and det S = —1. Set

K =HU(-S)H.
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Computations show that this is a group of rotations. It clearly contains H as a subgroup
of index two because otherwise —S € H, which implies that —1 € G. We have

KIH=HU{-T:TeK-H}=HU{-(-S)R:R€ H} =HUSH =QG.
This completes the proof. ]

The following picture of a tetrahedron inside a cube shows that there is an embedding
of 7 in W as a subgroup of index 2.

Theorem 5.9. Every finite subgroup of O(V') is conjugate in O(V') to one of the following
subgroups, and no two distinct subgroups of this list are conjugate:

i) Cy,mn>1, HE, n>2, T, W, I;
i) C§*, m>1, HE*, n>2, T W* I*%
ii) C3"|CY, n > 1, HEICY, HE"| MY, n > 2, WIT.

Proof. One can prove the rotation groups which admit subgroups of index two are as listed
in iii). By Proposition 5.8, it follows that every finite subgroup of O(V) is conjugate to one
of the groups on the list. One can verify that no two groups on the list are conjugate. [
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6 Fundamental regions

Throughout this section V' = R".

We will now describe the Fricke-Klein construction of a fundamental region or domain
for the action of a finite subgroup of O(V') on V for n-dimensional V. Let G be a finite
subgroup of O(V). A subset F' C V is called a fundamental region for G in V if

i) F is open;
i) FNTF =g for T€G, T # 1;
iii) V = UpecTF.

Sometimes it is also useful to consider the action of G on some subset X of G. Suppose
TX C X for T € G. Then one can also define the concept of a fundamental region for GG
in X. A fundamental region F' C X is a relatively open subset such that FNTF = & for
TcG, T#1,and X =UpcgX NTEF.

Lemma 6.1. For n > 1, the vector space V is not the union of a finite number of proper
subspaces.

Proof. We will prove this by induction on n. The proposition clearly holds if n = 1.
Suppose it holds for n — 1. Suppose V =V, U---UV,,, with each V; a proper subspace of
V. Let W be a subspace of V of dimension n — 1. Then

W=WnV)uU-UWnVy).

By the induction hypothesis, one of the subspaces on the right is not proper, i.e., WNV, =
W for some ¢; this means W C V. By dimensions, W = V;. We have proven that V' contains

only a finite number of subspaces of dimension n—1. This is false. For example, if v1,..., v,
is a basis for V, then for each ¢t € R the spaces spanned by v1,...,v,—2,v,—1 + tv, are
distinct. n

Lemma 6.2. Let G be a finite subgroup of O(V') and assume G # 1. Then there exists a
point xg € V' such that Txg # xg for ol T € G, T # 1.

Proof. For each T' € G, T # 1 consider the set V consisting of the fixed points of T acting
on V, i.e., all the points x € V such that Tx = x. For T' € G, T # 1 the set Vr is a proper
subspace of V. The previous lemma shows that the union of the Vp for T' € G, T # 1,
cannot be all of V. Hence, there exists a point 2¢ not in any of the Vp, T € G, T # 1. O

Now assume G # 1 is a finite subgroup of O(V'). We will describe a construction of a
fundamental region based on a choice of a point ¢ as in the above lemma. Let

TOZ 17T17"'7TN—1
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be the elements of G. If we apply the elements of G to zg, then we obtain

xo = Toxg, =1 =Tizg, x2="Toxo, ..., xn—1=TN-_1%0.
These points are distinct because if Tjzg = Tjzg for some 7,5 € {0,1,...,N — 1}, then
Tj_lTixg = xp with Tj_lTi = T}, for some k € {1,..., N — 1}; this contradicts the definition

of 9. These N points all lie on the sphere of radius ||zg||. Fix some ¢ with 1 <7 < N — 1.
We consider the vector g — x;. As in Section 2, this vector defines a hyperplane

P; = (zo — i)t
and two half-spaces:
{r eV :(x,zop—x;)) >0} and {ze€V:(r,z9—x;) <O0}.
There are some other characterizations of P; and these two half-spaces. Namely,
Pi={x eV :d(z,xo) = d(z,z;)}.

To see this, we note that

rePi < (x,x0—2;) =0
S (x,20) = (2, 25)
< (x,20) = (z, Tizo)
& —(z,z0) — (20, z) = —(z, Tixo) — (Tizo, x)

& (z,2) — (7, 20) — (20, 2) + (20, 20) = (2, %) — (2, Tizo) — (Tizo, ) + (Tiwo, Tizo)
& (z — xo,x — x9) = (& — Tixo, x — Tizg)
& d(x,x0) = d(z, x;).
Similarly,
{z eV i(r,zg—x;) >0} ={zx eV :d(z,x0) <d(z,x;)}

and
{r eV :(r,z0—2) <0} ={x €V :d(z,z0) > d(z,z;)}.

We will be particularly interested in the half-space
Li={x eV :d(x,zg) < d(x,z;)}

We set
F=nN'L,.

The set F' is a convex cone extending to infinity. As an example, consider the case in the
plane when N = 3, with say
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Then we have:

zy

so that

xo

29
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Theorem 6.3. The set F' is a fundamental region for G in V.

Proof. We need to show that the three conditions are satisfied. First of all, it is clear that
F' is open because it is the intersection of a finite number of open sets.

Second, we need to show that for all 1 <i < N — 1 we have F NT;F = &. To prove
this, we compute T; F. We have

T.F = T, ﬂ;\;l {r e Vid(z,z0) < d(x,xj)}
= Ti{x eV :d(z,z0) <d(z,z;),1<j<N-1}
there exists z € V such that y = T;x and

= lyev: d(z,z0) < d(z,z;) for 1 <j< N -1 }
~ [yev: there exists x € V such that y = T;z and )
= WEY S (T, Time) < d(Tiw, TyTjmo) for 1 <j < N — 1

= {y ev: d(yaml) < d(vakl‘O)vo < k <N — 17k #Z}
TF = {yeV :dy,z) <dly,zr),0 <k <N-—-1k#i}.
If now y € FNT;F, then as y € F we have d(y,x0) < d(y,x;), and as y € T;F, we have
d(y,x;) < d(y,xo): this is a contradiction.

Finally, we need to show that the union of the closures of the T;F is all of V. It is not
hard to show that 1 <i < N —1,

T,F={yeV :dy,z) <d(y,z),0 <k <N -1}

Let x € V. Choose ¢ with 0 < i < N — 1 such that d(z, ;) is minimal. Then d(z,z;) <
d(z,z;) for all 0 < j < N — 1. By our characterization of T;F we get x € T; F'. O
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7 Roots

We now let V' be of arbitary finite dimension. Our overall goal is to classify the finite
subgroups of O(V') generated by reflections, and we now introduce a geometric concept,
called roots or the root system, which will be useful in this classification.

First we make a natural reduction. Let G be any subgroup of O(V). Let Vi be the
subset of all vectors x in V such that Tz = x for all T' € G. The set Vj is clearly a subspace
of V', and we have a decomposition

V=V®V;.

Since the elements of G preserve Vj (they are the identity on Vp, the elements of G send
Vit into itself. We can thus regard every element 7' of G to be of the form

1 0
O T| VOJ_ ’

G%OMﬁ,THﬂW

and the map

is an injective homomorphism.

Proposition 7.1. Let the notation be as above. If G is generated by reflections, then the
image of G in O(Vp) is also generated by reflections.

Proof. Tt will suffice to show that if S € G is a reflection through P = r+, then the image
of S is also a reflection. Evidently, Vo C P. Hence, P+ C VOL, that is, r € VbL. Since

St =x— 2((f:))r for x € V, and since r € VOJ-, S|y1 is also a reflection. O
) 0

The last proposition shows that for the purposes of classifying subgroups of O(V')
generated by reflections, it suffices to consider those subgroups such that V5 = 0. We shall
say that a subgroup G C O(V) is effective if V) = 0, i.e., if the elements of G do not
have any common fixed points. A finite subgroup G of O(V) which is finite, effective and
generated by reflections will be called a Coxeter group. Our goal is to classify Coexeter
groups. Unless we say otherwise, in this section G will be a fixed Coxeter group.

In consider rotations in three space we found that poles were a very useful concept. An
analogous concept exists for reflections. Namely, suppose S € G is a reflection through the
hyperplane P = r-. We may assume that r has length one. We will call the vectors r and
—r the roots of S; the roots of G are the roots of the reflections in G.

Proposition 7.2. If r is a root of G corresponding to the reflection S, and T € G, then
Tr is also a root of G. In fact, Sp, = TS, T~ 1.
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Proof. It will suffice to prove Sy, = T'S, T~!. We have

Tfl
T8, = (1t — o),
r,T)
= - Q(T_lx’r)Tr
(r,7)
(T~ 'a, T~'Tr)
= 2 T
o (Tr,Tr) "
(z,Tr)
= x—2
Tr,Tr Ir
(Tr,Tr)
= Sr.(x)
This proves the proposition. O

Now fix a set of generators consisting of reflections for G, and let A be the set of
consisting of the union of the orbits of these roots under the action of G. Since A is the
union of orbits, G acts on A. We call A a root system for GG. In fact, it will turn out later
that A is the set of all the roots of GG, so that there is only one root system associated to

G, but for now we use this definition. Our intermediate goal is to prove some basic results
about A.

Proposition 7.3. The set A contains a spanning set, and hence a basis for V.

Proof. Let
A={x,..., T8}

Consider the subspace W = ﬂlewf As G is generated by reflections along the roots
x1,...,Tk, and these reflections act trivially on the hyperplanes mf-, it follows that G acts
trivially on W. Since G is effective, W = 0. This means

V=wt=nraH) =att+ - +aft =Ry + - + Ray.

(Here we have used (U; NUz)* = Uit +Us- which is equivalent to (W; +Wa)+ = Wi-nWsk;
this follows because z € (W1 + Wa)t <= (2, W1 + W) =0 <= (z,W1) = (2, Ws) =
0 <<= z¢€ VVlLﬁVVQL ) Since {z1,...,x} contains a spanning set, it contains a basis. [

Next, we geometrically partition A into positive and negative elements. This concept
will depend on the choice of another auxiliary vector. Fix ¢ € V such that (¢,7) # 0
for all » € A. (Such a vector exists because V is not the union of the finitely many
proper subspaces consisting of the kernels of x — (x,7) for r € A). The root system A is
partitioned into two sets:

AT ={reA:(t,r)>0}, A ={reA:(t,r) <0}
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Geometrically what we are doing is taking the hyperplane t*; the elements in AT lie on
the same side of the hyperplane as ¢t and form an acute angle with ¢; the elements in A~
lie on the side of the hyperplane not containing ¢ and form an obtuse angle with ¢. Note
that the positive roots AT and the negative roots A~ have the same number of elements;
in fact, there is a bijection between these two sets given by r — —r.

We single out a subset of the positive roots that will contain a great deal of information
about G. Choose a subset II of the positive roots A* such that every element of A" can
be written as a sum of elements from II with nonnegative coefficients, and the number of
elements of II is minimal with respect to this property; such a subset II is called a base
for A. Such a II exists, as AT is finite; after developing some ideas we will show that II is
unique. Let

MI=A{ry,...,rm}

We will say that z € V is positive if z can be written as a linear combination of the
elements from the base IT with nonnegative coefficients; we say that x € V is negative if it
can be written as a linear combination of the elements from IT with nonpositive coefficients.
Clearly, every element of A" is indeed positive and every element of A~ is negative. If =
is positive then we have (z,t) > 0; if = is negative, we get (z,t) < 0.

Lemma 7.4. Let r;,7; € Il with i # j. Let \; and \; be positive real numbers. Then
x = \iTi — A\jr; 18 neither positive nor negative.

Proof. Suppose x is positive. Then we can write
AiTi = Ajrj = 1 + -+ fimTm

with 1 > 0,..., ym > 0. Suppose \; < p;. Then

0= (i = Ari+ (i +A)rj+ >
k=1,..,m, k#i,j

Since all the coefficients of this sum are nonnegative, if we take the inner product with ¢
we get

0= (t, (i = M)ri + (g + M)+ Y um) > Xj(t,r5) > 0.
k=1,....,m,k#i,j

This is a contradiction. Suppose A; > ;. Then

N —pa)ri = (m + X))+ Y ke
k=1,...,m,k#i,j

This contradicts the minimality of II. Thus, x is not positive. If z were negative, then —zx
would be positive; a similar argument to the one above would give a contradiction. O
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Using this lemma, we can show that r; and r; form an obtuse angle:
Lemma 7.5. Let r;,r; € I, with i # j. Then (r;,r;) < 0.

Proof. To prove this we use the reflection S; € G along r; (S; exists by definition). We
know that S;r; € A (by the definition of A). Hence, S;r; is either positive or negative.
Now

(Tj7 Ti) )

(ro,ri) "

One of the coeflicients in the linear combination on the right hand side of this equation is
positive, namely the coefficient of r; which is 1. By the last lemma, the second coefficient
must be nonnegative. This implies (rj,7;) <0 (and S;r; is positive). O

Sﬂ'j :Tj -2

The importance of obtuseness is revealed in the next lemma:

Lemma 7.6. Let x1,...,x, € V, and suppose these vectors all lie on the same side of a
hyperplane, i.e., there exists an x € V such that (z;,x) > 0 for 1 <i < m. If z; and x;
form an obtuse angle for i # j then {x1,...,xm} is linearly independent.

Proof. Suppose there is a nontrivial linear relation between the x;. Then there exists an
equation

AT1+ o+ AT = k1 Tk41 0+ BT
with A1, .., Ak >0, g1, .-+, i > 0 and say A; > 0. Computing the square of the norm

of this gives:

0 <|Mwr + -+ Mezel* = Ay + -+ Mz, Mg + -+ Mgy
= (Mzr+ o ATy 1 Tht1 T F e Ton)

= ) Nipj(wi, x5) <0

This implies
Axy + -+ Mg = 0.

This used the obtuse of the angles. Now we use that all the vectors lie on one side of a
hyperplane. We have

0= (M1 + -+ Mg, ) = M1, @) + - + Ag(@p, ) > 0.
This is a contradiction. O

Proposition 7.7. The set 11 is a basis for V. In particular, it contains n elements. There
is only one base for A.
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Proof. The previous lemma shows that II is linearly independent. We showed before A
contains a spanning set; since every element of A can be written a linear combination of
elements from II, it follows that II is a spanning set. Thus, II is a basis for V.

Next, suppose II' is another base for A. Then II' is also a basis for V. Let A be the
change of basis matrix from II to II’ and let B be the change of basis matrix from II’ to II.
We have AB = 1. Also, by the definition of a base, the entries of A and B are nonnegative
real numbers. Let aq,...,a, be the rows of A and bq,...,b, the columns of B. Since
AB =1, we have

(al,bg) = ... (al,bn) =0.

It follows that a; has exactly one nonzero (which is nonnegative) entry (it must have at
least one nonzero entry, as the rows of A are linearly independent. Suppose it has at least
two nonzero entries. Then by these equations, the corresponding entries of bo, ..., b, are
zero; recall that A and B have nonnegative entries. This implies that bo, ..., b, are not
linearly independent, a contraction). Similar arguments show that each row has exactly
one nonzero entry, which is positive. Recalling the meaning of A, it follows that each
element of II' is a positive multiple of an element of II. Since roots have length one, it

follows that this positive scalar is one. This means IT' = II. O
We call the elements of Il = {r,...,r,} the fundamental roots or simple roots. We
call the reflections S, ..., S, € G along the roots rq, ..., r, the fundamental reflections.

Our next goal is to prove that the fundamental reflections generate G.
First, however, we consider an example. Consider G = H3 C O(R?). This the group of
symmetries of an equilateral triangle. We will orient our triangle as follows:
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- : 4

The group G is generated by R, the rotation by 27/3, and the reflection S through the
vertical dotted line ¢;. Then the group is

G ={1,R,R? S,SR, SR?}.

The reflections in G are S, SR and SR?. Here, SR is the reflection through the line ¢, and
SR? is the reflection through the line ¢3. The group G is generated by S and SR, and we
take {S, SR} as our generator set. Let 1 and —ry be the roots of S, let r9 and —ry be the
roots of SR, and let 3 and —r3 be the roots of SR%2. We have r3 = r; + 5. Referring to
the diagram below, we have:

1'7“1 =T 1-7"2 =T,
Rri =17y Rry = —rs,

RQTl = —Ts, R27"2 =T,

Sry = —ry, Sry =rs,
SRTl =7T3, SRT‘Q = —T9,
SR%*ry = —ry, SR%ry = —ry.

It follows that
A ={ri,r9, 13 =11 + 72, =11, —T2, —T3 = —T1 — T2}.
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ry = (—1/2, \/5/_2,) cor3=TidTe= (1/2,4/3/2)

b3 . e
—r1 =(-1,0) r1 = (1,0)
—T3:—7"1_T2:(_1/27_\/§/.2.)..'" P "._.7';:(1/27_@/2)

Let ¢ be as in the above diagram. Then we get:
AT = Af = {7“1,7"2,7“1 + T‘Q}, AT = A; — {_Tl, —79, _(Tl + 1"2)}

and
II = {7’1, 7’2}.

Proposition 7.8. Let r; € I1 = {ry,...,r,}, and let S; € G be the reflection along r;. If
r € AT and r # r;, then Sir € A™T.

Proof. Since r is a root, we know that S;r is another root. That is, S;r € A. Thus, S;r is
positive or negative. Write
r=Ar1+ -+ Ayrn.

Since r is positive, A1 > 0,..., A\, > 0 with at least one of these nonzero. We have
Sir = r—2(r,m)r;
— ()\17"1 + - +)\nrn) _2()\1T1 + .- +)\nrnari)ri

= (Az - 2()\1T1 R Anrnvr’i))ri + Z )‘]r]
j=1,j#i
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If some A; with j # 4 is nonzero, then S;r is positive. Assume \; = 0 for j # 7. Then

S;r = (>\’L — 2()\17’1 R )\nTn,Ti))Ti + Z AJT]

j=Ljti
= (A — 2(Nirs, 7)) 73
= —Airi
= —r.
Since S;r = —r, r is a multiple of r;. Since r and r; are positive and have length 1, it
follows that r = ;. But we assumed r # r;; this contradiction completes the proof. O

Proposition 7.9. Let r € AT. Then there exists a product T of fundamental reflections
such that T'r € II.

Proof. If r € 11 we take T = 1. Assume r ¢ II. Consider the set II U {r}. This set is
not linearly independent. On the other hand, all of these vectors lie on one side of the
hyperplane t. By Lemma 7.5 and Lemma 7.6, there exists an i such that (r,7;) > 0: one
of simple roots makes an acute angle with r. Let’s apply the fundamental reflection S; to
r. By the Proposition 7.8 (note that r ¢ IT), we know that

S;r € AT,
And this vector also makes a less acute angle with ¢ than does 7:
(Sir,t) = (r—2(r,r)ri, t) = (ryt) — 2(r, 1) (riy t) < (r,t).

If S;r is in II we can take T' = S;. Suppose S;r ¢ II. Then we can repeat what we just did
and find a j such that S;S;r € AT and

(SjSZ'T, t) < (Si,t) < (T,t).

But we cannot continue this process forever: if we could, then r,S;r, S;S;r,... would be
distinct elements of AT, and AT is finite (here we use the finite generation of G). Thus,
the process terminates at some point, which proves the proposition. ]

Theorem 7.10. The fundamental reflections S1,...,S, generate G.

Proof. By definition, G is generated by the S, for r € A. Also, S, = S_, for r € A. Hence,
it suffices to prove that the S, for r € AT can be written as products of fundamental
reflections. Let r € AT. By the last proposition, there exists a product T' of fundamental
reflections such that Tr € II. Write Tr = r;. We have

S, = S, =TS, T~".

This proves the theorem. O
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Thus, we have proven that for every Coxeter group there exists a special basis II for V'
consisting of roots which form obtuse angles with each other, and the reflections associated
with roots generate the group. Our next goal is to determine a very natural fundamental
domain for G which also involves II. A consequence of this will be that the root system,
which was initially defined to be smaller than the set of all roots, is in fact equal to the set
of all roots.

Proposition 7.11. If T' € G and T1l =11, then T = 1.
Proof. Suppose T # 1; we will obtain a contradiction. Write
T = ShSiQ e Sik;

we may assume that T cannot be written as a product of a smaller number of fundamental
reflections. Now since T1I = II we have

TT'ik = Sil . Sikrik = _Sil R Sik_lmk e II.

This implies that
Siy - Sik—lrik e A

Consider the sequence of roots:

ayg = Sil e S'ik—lrik7

ay = Sig e Sik—l/rik7

as = SZ'3 e Sik717aikv
ag—1 = Ti-

The first root, ag, is in A~, while the last root, ax_1 is in AT. Let a; be the first of the
roots to be positive. We have

a; = Sij+1 e Sik—lrik = S’ijSijSij+1 NN Sik—1rik = Sijaj_l.

and therefore
aj—1 = Sij a.

The root a; is positive, while a;_; is negative. By Proposition 7.8 we must have

T

]:CL]'.

We now have the equation
.S

Ik—1

T, :SZ’

j 1 Vi, -
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By Proposition 7.2 this gives

Sij = STij = SijJrl . Sl-kflSik (Sij+1 - Sik,l)_l'
This is equivalent to
Si;Sisq -+ Sip_y = Sijpq - Si_1 S
This gives
T = S;...5,

= Siy ... Si;_15i;8i; - Si_1Si

= Siy .S, Sijy - Sig_y Sk Sk

= Siy .S, Sij Sy
This contradicts the minimality of k. O

So far, we have suppressed the dependence of AT and A~ on ¢, but now recall it and
use it as a tool.

Proposition 7.12. If T € G, then T(A]) = A and T(I1;) = Tlp).

+
T(t)
Proof. We have

T(AS) = T{reA:(tr)>0}
= {zelA:zx=TrreA(tr) >0}
= {zeA: (T '2)>0}
{xr e A: (Tt,z) >0}

= Afy.

To see that T(IIy) = Iy we note first that T(IT;) C T(A]) = AJTr(t). Also, it is evident
that every element of T(A]) = A+(t) can be written as a linear combination of elements

from T'(II;) and that T'(II;) has n elements. By Proposition 7.7 it follows that T'(IL;) is a
base for the choice T'(t); by the uniqueness of base, T'(Il;) = Hp(). O

Proposition 7.13. If T € G and T(A") =A™, then T = 1.

Proof. To prove this we will show that TII = II and apply Proposition 7.11. We have

AT =TAT =TAf = A} .

By the uniqueness of base, II = Ilp). On the other hand, we just proved TTI = Ilp(.
Putting these together, we get TTI = II. O
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Next, we describe the mentioned fundamental region for G. This is simply described as
all the vectors in V' which make a strictly acute angle with every fundamental root. That
is, we will show that

F={zeV:(x,r1)>0,...,(x,rn) >0}

is a fundamental region for G. Before proving that this is a fundamental region we will
make a few observations about this set. First, F'is the intersection of the open half-spaces
determined by the fundamental roots:

F=n{xeV:(z,r;) >0}

Let
Pi=rj

for i = 1,...,n; these are the hyperplanes through the which the fundamental reflections
reflect. The closure F is:

F={zeV:(x,r1)>0,...,(x,rp) >0} =N {z €V : (z,7) > 0}.
The boundary of F is:
boundary of F = (FNP)U---U(FNP,).

The sets (F N P;) are called the walls of F. The fundamental reflection S; is the reflection
through the i-th wall of F.
Going back to our example,
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b

wall FN Py

ro = (_1/2’ \/5/2) ’_"3 = +rg = (1/27\/?:/2)

ls . Ll
—r1 =(-1,0) r1 = (1,0)
—T3=—7”1—T2=(—1/2,—\/§/2)"'-, L ";f;.=(1/2,—\/§/2)

Theorem 7.14. The set F' is a fundamental region for G.

Proof. We need to prove three statements: F is open; FNTF = @ for T € G and T # 1;
and V = UTegTF = UTegﬁ.

First, it is clear that F' is open.

Next, suppose x € F NTF; we need to prove T = 1. Since x € F, we certainly
have (z,r1) > 0,...,(z,r,) > 0. This implies that (z,r) > 0 for all » € A". Hence,
AT = A} C A}; by cardinalities, we have A;” = A} (these set have the same cardinalities
because their orders are half of the cardinality of A). By Proposition 7.7, II; = II,. Since
x € TF, we also have T~ 'z € F. This also gives II;—1, = II;. Therefore,

I, = Mpo1, =TI, = T,

By Proposition 7.13, T' = 1.
Finally, let y € V. We need to prove that there exists T' € G such that (Tx,r) >
0,...,(Tz,ry) > 0. To do this, let

1
g = 5 Z T.
reAt
Then for 1 <4 < n we have, by Proposition 7.8,

1 1
Sixo = SZ(§TZ + 5 €A+Z# T)
T STFET;
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1 1
= —§n + § Z r
reA+ r#r;
= g —T;.

What has this to do with our task? Let 7" € G be such that (T'y, z¢) is maximal. By this
maximality and the above equation,

(Tyv l‘o) (S Ty, 'TO) (Tyv SZ:CO) = (Ty’ To — Ti) = (Tya .’Eo) - (Tyv Ti)'

That is,
(Tya ’I"i) >0,

as desired. O

Theorem 7.15. Every reflection in G is conjugate to a fundamental reflection. Every root
s in the root system.

Proof. We will show that if r is a root for G, then r = £T'r; for some T € G and i with
1 <% < n. This will prove the theorem because then S, = Sp,, = T'S;T ~1 by Proposition
7.2, proving that every reflection in G is conjugate to a fundamental reflection; and r € A
by the definition of A.

To prove our statement, let P = . We claim first that PNTF = @ for all T € G. To
see this, suppose PNTF # & for some T € G. Let x € PNTF. Then, of course, z € TF.
Also, we have © = S,x € S, TF. This means that TF NS, TF # @&. But this contradicts
the fact that T'F is a fundamental region for G' (note that S, # 1).

So PNUrpeq TF = @. In addition, there is a decomposition:

F=FU(FnP)U---U(FNP,).
This implies that
V= |JTFu | T(FnP)U---U | T(FNP,)
TeG TeG TeG
This is the same as
V= |JTFu(|J TFnTP)U---U (| TFNTR,).

TeG TeG TeG

Since P NUregTF = @ we conclude that
pc |J 7P
T€G,1<i<n

This implies
p= |J PnrTPR.
TeG,1<i<n
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Now consider the PNT P;. These are subspaces of P. One of these subspaces is not proper,
by Lemma 6.1. Hence, for some T and ¢, P = P NTPF;. This means that P C TF;. By
dimensions, P = T'F;. Taking orthogonal complements, we get r = +7T'r;. O

There is another characterization of the fundamental region which we want to discuss.

Proposition 7.16. Let IT* = {s1,...,s,} be the basis for V dual to 11 = {ry,...,rn}, i.e.,
the basis such that (s;,7;) = ;5 for 1 <i,j5 <n. Then

F={zxeV:iz=Ms1+ 4+ AMsSn, A1 >0,...\, >0}
Proof. To see this, let x € V and write x = A1s1 + -+ - + A\psp. Then
(z,7;) = Ni(8i,75) = A
forl1 <i<n. O

There is some terminology associated with this point of view. The convex hull of
S1,-.-,8n 18 the smallest convex subset of V' containing these vectors. It is

coI)={zeV:ie=Ms1+ - +AsSn, A1 >0,.... 0, >0, A1 +---+ )\, =1}.

We have
F = RZO . CO(H*).

The set co(II*) is also called the simplex spanned by si, ..., sy, and R>q - co(IT*) is called
the simplicial cone spanned by s1,...,s,.
We can say a bit more about sy, ..., s,: they form acute angles.

Theorem 7.17. Let {r1,...,mn} be a basis for V and assume (r;,7;) < 0 fori # j. Let
{s1,...,5n} be the dual basis. Then (s;,s;) >0 for alli,j.

Proof. Let A be the change of basis matrix from the basis {s1,...,s,} to {r1,...,r,}, and
let B be the change of basis matrix from the basis {ri,...,r,} to {s1,...,sp}. Of course,
we have

AB =1.
What are the entries of A and B? Let A = (A;;). By definition,

n
Ty = E Aljsl.
=1

Then .
(rirs) = Y Aiy(ris0) = Ayj.
=1
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We thus find that
A= (ri,ri)i<ijen. B =AT"=(si,8)1<i<n-

We need to show that the entries of B are nonnegative. To do this, we need to gather some
information about A. First of all, it is clear that A is symmetric. It is a fact from linear
algebra that every symmetric real matrix can be diagonalized. So we can find a matrix U

such that
A1

UAU! =
An

Let A\ be an eigenvalue of A with eigenvector x. Write
rz=dir1+ - +d,rn.

Since the matrix A is also the matrix of the positive definite symmetric bilinear form (-, -)
on V in the ordered basis 71, ...,r, we have

di

(z,x) = [di - dn] A
dn

di

= A dn] | :

dn

(x,z) = A Zn: 2.
i=1

As (z,x) > 0and > I, d?, it follows that A > 0. Also, because (r1,71) = -+ = (rp, ) = 1,
the trace of A is n and
Mt A =1,

From this we conclude that 0 < Aq,..., A\, < 1. Now introduce the matrix
C=1-(1/n)A.
The entries of C' are nonnegative because the entries of A are nonpositive. We have

1 —)\1/71
UCU ' =1-(1/mUAU =
1—A/n
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Thus, C' is also diagonalizable with eigenvalues that are between 0 and 1. We get
A = n(1-0)
AN = (1/ma-0)!
B = (I/n)(I+C+C*+...).

Here, the infinite sum 1 +C + C? 4 --- does converge because C has eigenvalues between
0 and 1. Since all the entries of C' are nonnegative, by the above equality all the entries of
B are nonnegative. ]

Before consider another example we make a comment about what we have proven and
other possible choices for the lengths of roots. We started with a Coxeter group G. If A is
the set of all the roots of G, then we introduced the concept of positive roots AT (which
depends on a choice t), we proved that A" has a base II, that the cardinality of II is n,
that G is generated by the reflections corresponding to the fundamental roots, and there
is a natural fundamental region. Suppose that instead of initially choosing the set of roots
to all have length one we chose other lengths for the roots. Then the definition of A would
change, the set of positive roots would be multiplies of the old positive roots, the set of
fundamental roots would be multiples of the old fundamental roots, the set of fundamental
reflections would be the same, and so would the fundamental region. So changing the
lengths of the roots would have no significant effect on the results we proved; and it will
be convenient to make other choices for lengths, as in the following example.

We consider Hi C O(RR?). These are the symmetries of the square:

£ Ll

L3

‘.

Let R be rotation in the counterclockwise direction by 27/4 = /2 degrees, and let S be
the reflection through the line ¢;. The group is

Hy = {1,R,R? R® S,SR,SR? SR%}.
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The reflections in this group are S, SR, SR? and SR3. The reflection SR is the reflection
through the line 5, the reflection SR? is the reflection through the line ¢3, and SR? is the
refection through the line ¢4. The group G is generated by S and SR. Let a; and ag be
the following roots for S and SR, and let ¢ be as in the following diagram:

t

Ll

‘.

The roots are then

SR: +as,
SR*: + (a1 + aw),
SR3: £ (201 + aw),

so that

A ={ay, 02,01 + a2,20q + a2, —y, —q2, —a1 — ag, —201 — Qo },
AT ={aq, 09,01 + 9,201 + as},

A = {—011, —Qg, —0] — (2, —20&1 — 042},

II = {051,052},

as in the following diagram:
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s

—(2a1 + a2) ;

:Ta2

‘

48
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8 Classification of Coxeter groups

In this section G is Coxeter group with root system A and IT = {ry,...,r,} is a base. We
recall that a Coxeter is a finite subgroup of O(V) which is generated by reflections, and
which has the further property of being effective, i.e., there is no nonzero vector fixed by
all the elements of G. If a group is not effective then it can be embedded into O(V”) for
V' of dimension n — 1.

We begin our classification of Coxeter groups by making a further reduction. We say
that a Coxeter group is irreducible if II cannot be written as the union II; U Il of two
nonempty subsets II; and IIs with all the vectors in II; orthogonal to all the vectors in Ils.

Lemma 8.1. If Il =11y UIly with 11 # @, Iy # @ and 11} L Ils, then G = Gy x Ga, for
some Cozxeter groups G1 # 1 and Go # 1.

Proof. Let V1 be the subspace of V' spanned by II; and let V5 be the subspace of V' spanned
by IIs. Then we have an orthogonal decomposition:

V=V.1W.

Suppose that S; is a reflection corresponding to a simple root r; € II;. Let us consider the
action of S; on V7 and V5. To understand the action of S; on V5 is suffices to understand
the action of S; on the elements in Ily. Let r; € II;. By assumption, (r;,7;) = 0. Using
the formula for a reflection, we have

(rj,ri)
(ri, 7”‘2-) r, = 7"‘7.

S,”I”j :Tj -2

It follows that S; is the identity on Va. In particular, .S; maps V5 to itself. This implies that
S; maps Vp = V2L to itself. Similarly, if S; is a reflection corresponding to a simple root
rj € Ilz, then S; is the identity on V7 and maps V5 to itself. Therefore, as the elements of
G are generated by the simple reflections, every element of G maps Vj to itself and V5 to
itself; its matrix has the form:
|:g |V1 0 :|
0 g |V2 '

i1 G — O(Wh) x O(Va)

We define a map

by
i(9) = (9lvis 9lva)-

This map is clearly an injective homomorphism. Also, let

Gi={glv:9€ G}, Go2={g|lv,:9€G}.
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We claim that
Z(G) = G1 X GQ.

It is clear that i(G)) C G1xGe. To see that G1 xGe C G, it will suffice to show G1 x1 C i(G)
and 1 x Gy C i(G). Consider an element g; of G1. It is obtained by restricting an element
of G to V1. As the simple reflections generate G, g is of the form

g1 = Sl|V1 e Sth/l

where Sy, ..., S are simple reflections corresponding to the elements of II. Since all the
simple reflections corresponding to the elements of V5 restrict to the identity on Vi, we
may assume that Si,...,S5; correspond to elements of II;. Since the simple reflections
corresponding to elements of II; restrict to the identity on Vo, we get

i(S1- -+ S) = (g1, 1)

It follows that G1 x 1 C i(G). Similarly, 1 x G C i(G), and we get G1 x Gy = i(G).
Finally, we need to see that G; and G2 are Coxeter groups. First of all, if S; is the
simple reflection corresponding to an element r; € I1y, then restriction of S; to Vi is also a
reflection: this follows from the formula for .S;, which also holds on V; — note that r; € Vj.
Hence, G is generated by reflections; similarly, G2 is generated by reflections. If all the
elements of G fixed a vector vy in V7, then all the elements of G would fix the vector v; 0
in V =V, @& Vs; hence, v1 &0 =0, and v; = 0. Therefore, G; is effective; similarly, G4 is
effective. This completes the proof. O

Because of the lemma we will often assume that G is irreducible.
Next, we move on the classification of irreducible Coxeter groups. The following lemma
will be useful in proving a fundamental result about the angles made by simple roots.

Lemma 8.2. Let H be a dihedral group in O(R?) of order 2m. Suppose that t has been
chosen, and {r1,re} is the corresponding base, and {s1,s2} is the basis dual to {ri,r2}.
Then the angle ¢ between s1 and so is w/m, and if 0 is the angle between r1 and ro, then

0+ p=m.
The order of 5159 is m.

Proof. The group H is the symmetry group of a regular m-gon centered at the origin. We
will assume that m is even; the proof when m is odd is similar. The roots of H pass through
the vertices and midpoints of the sides of the m-gon. By definition, ¢ is not orthogonal
to any root. Hence, the line L orthogonal to ¢t does not contain a root. As an example,
consider the case m = 8:
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The positive roots are the roots in the half-plane determined by L which contains ¢, i.e., all
the roots which make an acute angle with ¢. The base {r;,r2} consists of the two positive
roots nearest L, and the vectors s; and sy are scalar multiples of the roots as indicated in
the following picture when m = 8:

6
r2
52
r1

It is evident that ¢ = 27/2m = 7/m and 6 + ¢ = m. The element 515 is a rotation and
sends the positive root r on the line generated by s; to the positive root Sir; hence, S1.59
is a rotation through an angle 27 /m. Therefore, S1.52 has order m. O
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Theorem 8.3. Let G be a Coxeter group. Let r;,r; € 1. Then there exists an integer
pij = 1 such that

(ri,j) pij —1
= (ri,1j) = —cos(m/pij) = cos ).
Tl ~ 279) = T eontnl) = eon(E, 0

The integer p;; is the order of S;Sj.

Proof. If i = j then (r;,r;)/||r:lll|lrj]] = 1, and we take p;; = 1. Assume i # j. Consider
the subspace W spanned by r; and rj; this is two dimensional. We have a decomposition
of vector spaces:

V=WaoWe

Let H be the subgroup of G generated by S; and S;. Now r; € W and so Wt c ril. Since
S; is the identity on r;, it follows that S|y = 1; similarly, S;j|y,. = 1. In particular, S;
and S; map W+ to W+, and hence map W to W. It follows that the elements of H map
W to W. It follows that the map

i:H—0W), S~ Slw

is well-defined. This homomorphism is also injective: if an element maps to the identity,
then it is trivial as it is trivial on W=. The elements S; and S; map to reflections in O(W)
as they have determinant —1. Hence, i(H) in O(W) is generated by the reflections S; and
Sj; by Theorem 4.4, i(H) is a dihedral group of order, say, 2m. The vectors r;,7; € W
are roots for i(H); we claim that there exists a ¢ in W such that {r;,r;} is a t-base for
i(H). Suppose not. Since r; and r; form a strictly obtuse angle 6 (7/2 < 6 < 7; the last
inequality follows because otherwise (r;,7;) = —1, implying that (r; + 7;,7; + ;) = 0 so
that r; = —r;, contradicting the assumption that both are positive), and by our knowledge
of dihedral groups and their root systems, there exists a ¢ and another root r for i(H) such
that r,r;, r; are positive roots and {r,r;} is a t/-base for i(H). We claim that r is a root for
G. To see this we first note that since r is a root for i(H), there exists S € i(H) C O(W)
such that S is the reflection with respect to 7+, where r+ is taken inside W. Let S’ be
the reflection on V with respect to the hyperplane r+ @ W+, We have S'(r) = —r because
(r,7t @ W) =0. Now S = i(h) for some h € H C G. Since h is the identity on r+ @ W+
because the elements of H are the identity on W+ and because S is the identity on rt,
and since h(r) = —r because S(r) = —r, it follows that h = S’; therefore, r is a root of G,
as claimed. We can write
ri = ar + br;

where @ > 0 and b > 0. We cannot have a = 0; otherwise, r; = br;, by lengths and
positivity b = 1, and r; = r;, a contradiction. Similarly, by our assumption about {r;,r;}
not being a base for any ¢, we cannot have b = 0. Solving, we get

r=(1/a)r; — br;.
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This is a contradiction since 7 is a root of G and must be positive or negative. Hence, ¢
exists. We are now in the situation of the last lemma. We have

(7“7;,7"]') _ (0)

[l

I
[
Q Q
o O
0 n
|

©
~

Il
|
Q
o
7]

= —cos(m/m).
To complete the proof we note that by the lemma S;S; has order m. O

We note that if P;; = 2, or equivalently, (r;,7;) = 0, then S; and S; commute:

Si9;9:8; =1
5;S; = 55
Next, to every Coxeter group and choice of base {r1,...,r,} we associate a graph. The

graph has n nodes. If i # j and (r;,r;) # 0, then we join the i-th and the j-th nodes by
a branch and label the branch with p;;; note that as (r;,r;) # 0, we have p;; > 3. For
example, the graph of H3" is:

m

Oo——O

A graph of this type is called a Coxeter graph. More precisely, a Coxeter graph is a
graph in which edges are labeled with integers greater than or equal to 3; if no label is
written, then our convention will be that the label for that edge is 3. The next proposition
shows that the Coxeter graph of a Coxeter group classifies the group up to conjugacy by
elements of O(V).

Proposition 8.4. If G; and G5 in O(V') are Cozeter groups which have the same Coxeter
graph, then there exists T € O(V') such that TG1T~' = Gs.

Proof. Let 111 and Ils be the bases of G1 and G, respectively. By hypothesis, there exists
a bijection
T: H1 — H2

such that T preserves the labeling of the edges; by a lemma from above, this implies

(TT‘Z', T’I”j) = (TZ', Tj)
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for 1 <i,j,<n. Let T also denote the linear transformation 7" : V' — V which sends r; to
Tr;. Evidently, T € O(V). Let r; € II1, and let S,, be the simple reflection corresponding
to r;. Then

TS, T~ =Sy,

This implies that T'S,, 7! is contained in G3. As G is generated by simple reflections,
we get TG1T~! C Gy; in fact we have TG1T~! = G5 because all the simple reflections for
G are obtained in this way. O

The concept of an irreducible Coxeter group can be characterized in terms of its graph.
We say that a Coxeter graph is connected if one can get from one node to another node
via a path along branches.

Proposition 8.5. The Coxeter graph of G is connected if and only if G is irreducible.

Proof. Assume the Coxeter graph of G is connected; and assume G is reducible. Then
we can write II = II; U Il with II; 1 Il and II; and Ils nonempty. As the graph is
connected, there exist a € II; and b € II; and a branch between a and b. This implies that
(a,b) # 0; this is a contradiction. Next, assume G is irreducible; suppose the graph for G
is not connected. Since the graph is not connected, we can write

=1L, ullou---ull

where any two nodes in II; have a path joining them, and there is no path joining an
element of II; with an element of II; for ¢ # j. Evidently, we have II; L II; for 7 # j.
Hence,

I =11 UII
with
Hé:HQU"‘UHt
and II; L IT,. This contradicts the assumption that G is irreducible. O

It turns out that the Coxeter graphs of the irreducible Coxeter groups are as follows.
The subscript is the number of roots in the base, or equivalently, the dimension of the
space that the Coxeter group acts on.

Ap,n>1:

0, o0—o0, oO—0—0,




8 CLASSIFICATION OF COXETER GROUPS

D,,n>4

T

: :7 : :7 : :7
GQI
6
o——oO
13:
5
Oo——0—=0
14
O > O O O
Fy:

FE7:

Q

55
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Before proving that these are indeed all the Coxeter graphs of the irreducible Coxeter
groups we will make few observations based on this fact. First of all, it is evident that
mostly the angle between 7; and r; is

3—1 2
——m = —m = 120 degrees.
3 3 8
Equivalently, it means that mostly S;S; has order three. Sometimes, it can happen that
the angles and orders of S;5; are

4—1 3
— T = 7= 135 degrees, S;S; order 4
5—1 4
?77 = 57r = 144 degrees, S;5; order 5
6—1 5
Tw = 67r = 150 degrees, 5;5; order 6

but the angles and orders don’t get any bigger except for the dihedral group Hjy. We can
make a list of the irreducible Coxeter groups in low dimensions:

Dimension 1 : A; (2 elements);
(=2 H3)(6 elements), Bo (= Hy) (8 elements),
Go (=2 HS) (12 elements), Hy,n>5n#6 (2n elements);

Dimension 3 : A (24 elements), Bs (48 elements), I3 (120 elements).

Dimension 2 : Ay

To prove that the above is the list of all the Coxeter graphs of all the irreducible Coxeter
groups we will need to introduce another property that these particular Coxeter graphs
enjoy. Suppose we are given a Coxeter graph with m nodes. Number the nodes. Then to
this graph we can associate an m x m symmetric matrix (a;;) of real numbers by setting

i = 1,
a;j = —cos(m/pi;) if the i-th and j-th node are joined by a branch labeled p;;,
aj; = 0 otherwise.

The matrix (a;) is a symmetric matrix. We can associate a quadratic form on R™ to (ay;);
it is defined by

Q()\l, e ,)\m) = Zaij)\i/\j.
2%
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The equivalence class of this quadratic form does not depend on the choice of numbering
of the nodes.

Proposition 8.6. The Cozeter graph of a Coxeter group is positive definite.
Proof. As usual, let {ry,...,r,} be the base of the root system. Then

Oéij = (TZ', T‘j).

Therefore,
Q()\l,...,)\n) = Z(ri,rj))\i)\j
i?j
= O > Ary)
( J

= [[Air1 4 A A

> 0,
if (A1,..., ) #0. O

Proposition 8.7. The Cozeter graphs listed above are connected and positive definite.

Proof. 1t is clear from inspection that these Coxeter graphs are connected. To prove that
they are positive definite we will use the fact that a matrix B = (By;),1 < 4,5 < n is
positive definite if and only if det B(k) > 0 for 1 < k < n, where B(k) = (By;),1 <i,j < k.
Let us consider the matrix of the Coxeter graph A,, which we will also call A,. This
matrix has the form:

1 — cos(7/3) 0 0
— cos(m/3) 1 — cos(m/3) 0
0 —cos(m/3) 1 —cos(m/3)
0 0 — cos(m/3) 1
This is:
1 —1/2 0 0
~1/2 1 -1/2 0
0o -1/2 1 —1/2

0 0o -1/2 1

We see that the matrix A,_1 is obtained by deleting the last row and column of A,;; also, we
see that A, (n —1) = A,,_1. So it will suffice to show that det A,, > 0 for all n. Expanding
on the last row, we have
n
det A, = Y (=1)"A,;det A(ny)
j=1
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= (=114, ,_1det A(njn — 1) + (—1)""A,, ,, det A(n|n)
—(—=1/2)(=1/2)det Ap—o + det Aj,_4
—(1/4) det A,,_o +det A,,_1.

det A,
This is valid for n > 3. We also have
det Ay =1, det Ay =3/4.
One can now prove by induction that
det A, = (n+1)/2".

This is nonzero, so A, is positive definite. We have

1 —cos(m/4) 0 0 0
—cos(m/4) 1 — cos(7/2) 0 0
B, = 0 —cos(m/2) 1 —cos(m/2) 0
0 0 —cos(m/2) 1 —cos(m/2)
which is
1 —V2/2 0 0 0
—/2/2 1 -1/2 0 0
B, = 0 —1/2 1 —1/2 0
0

0 —1/2 1 -1/2
We can compute the determinant of this by expanding on the first row:
det B, = > (=1)'""7By;det B(1]))
J

=1
= (—=1)'!'Byidet B(1]1) + (—=1)'*2 By det B(1]2)
det A, 1 — (—V2/2)(=V/2/2) det A,,
det Ap—1 — (1/2) det Ay,
(n—1+1)/2""1—(1/2)(n—2+1)/2"2
= 1/2n 7L

Next, to deal with D,,, we need to choose a labeling:

@
OaOROR0,
©

58
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‘We have then

1 0 —cos(m/3) 0 0 0
0 1 — cos(m/3) 0 0 0
D, = |—cos(n/3) —cos(m/3) 1 —cos(m/3) 0 0
0 0 — cos(m/3) 1 —cos(m/3) 0
which is
1 0 -1/2 0 0 0
1 -1/2 0 0 0
Dp=|-1/2 -1/2 1 -1/2 0 0
0

Expanding on the first row, we get:

n

detD, = > (—1)"*Dy;det D(1])
j=1
= (=D!Dyydet D(1]1) + (=1)'"3Dy3 det D(1]3)
= det A,—1 + (—1/2)det D(1)3),
where
0 1 0 0 0
~1/2 -1/2 -1/2 0 0
D(13)=1 0 0 1 -1/2 0
0 0o -1/2 1 -1/2
We have
0 1
det D(1|3) = det [_1/2 _1/2} ~det Aj,—3 = (1/2) det A,,—3.
Hence,
det D, = (n —1+1)/2" 1 +(=1/2)(1/2)(n —3 +1)/2" 3 = 1/2" 2.
We have
m_ 1 —cos(mw/m)
2 7 |~ cos(m/m) 1 '
Hence,

det HY" = 1 — cos®(n/m) = sin®(7/m) > 0

59
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as m > 5. Turning to I3, we see that det I3(2) = det H3 > 0. Concerning det I3, we have

1 —cos(m/5) 0 1 —cos(m/5) 0
Is = | —cos(m/5) 1 —cos(n/3)| = | —cos(m/5) 1 —1/2
0 —cos(m/3) 1 0 —1/2 1

The determinant of this matrix is:
det I3 = 3/4 — cos®(n/5) = 3/4 — [(1 + V5)/4)> = 3 —V5)/8 > 0.

Hence, I3 is positive definite. To check that Iy is positive definite we just need to check
that det Iy > 0. We have

1 —cos(m/5) 0 0
I, - —cos(m/5) 1 —cos(m/3) 0
4 0 — cos(m/3) 1 — cos(m/3)
i 0 0 —cos(m/3) 1
[ 1 —cos(m/5) 0 0
| —cos(n/5) 1 -1/2 0
- 0 ~1/2 1 —1/2
0 0 —1/2 1

We get
det Iy = 1/2 — (3/4) cos®(w/5) = (T — 3V5)/32 > 0.

If we label Fy in the following way
0202020

-1/2
Bs 0
0
-1/2 0 0 1
So all we need to check is that this matrix has positive determinant. We get
—1/2
B3 0
0
-1/2 0 0 1
_ iy
—1/4
0
0
0

then we have

Fy =

det Fy = det

Bs +

o O O
o
()
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~1/4 }
0 A
= —(1/4)det Ay + det B3
= 1/24

= det [ + det Bs

Finally, we consider Fg, F7 and Eg. We label these as

With this labeling, because we have already treated the case of D, _; it suffices to check
that det E,, > 0. We have

0
~1/2
D, 1 0
E, = .
0
0o -1/2 0 ...0 1 |

We calculate the determinant of this as in the Fjy case. This yields

[ 1 0 —1/2 0 1
0 -1/4 —-1/2 0
detE, = detD,_;+det|—1/2 0 1 —1/2
0 0 -1/2 1
[0 1 -1/2 0 ]
-1/4 1 -=1/2 0
= detD,_1 —det 0 —1/2 1 —-1/2
0 0 -1/2 1
(—1/4 1  -1/2 0 1
0 1 —-1/2 0
= detDp_q +det | O —-1/2 1 —-1/2
0 0o -1/2 1

= det Dy—1 — (1/4)det A,—2
= @-n/2



8 CLASSIFICATION OF COXETER GROUPS 62

> 0.
This completes the proof. O

We consider a concept that is more general than a Coxeter graph. A marked graph
is a graph in which each branch is labeled with a number p;; > 2. As before, we can
associate to a marked graph a symmetric matrix. A Coxeter graph is a marked graph in
which each label is an integer. If H is a marked graph, then we say that H is a subgraph
of a marked graph G if H can be obtained from G by removing some of the nodes of G
and adjoining branches, or by decreasing the marks on some of the branches of G.

Lemma 8.8. A nonempty subgraph H of a positive definite marked graph G is also positive
definite.

Proof. Let the nodes of G be ay,...,an, with ai,...,a; the nodes of H. Let the labels
for the branches of G and H be p;; and ¢;j, respectively. Let the matrices associated to
G and H be A = (wj;) and B = (B;5), respectively. Let the quadratic forms associated to
G and H be Qg and Qp, respectively. We need to show that Qp is positive definite, i.e,
Qp(x) >0 for z € R¥, x # 0. Suppose that Qp(z) < 0 for some z # 0. We have

Hence,
qi; < Dij
Vaj > 1/py
T/qi; > T/pij
cos(m/qi;) < cos(m/pij)
—cos(m/qi;) = —cos(m/pij)
Bi; > i,
for 1 <1i,5 < k. Write x = (A1, ..., ;) and define y = (JA\1],..., | k[,0,...,0) € R™. Then
using the fact that 3;; < 0 for 7 # j, and the above inequality,
0 > Qu(x)

= ) BN
ij

> BijlhillA]

,J

> ) ai| il
,J

= Qc(y)

Y
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which is a contradiction.

>

0,

63

O

We will also need a list of certain marked graphs which are not positive definite, and

which in fact have determinant zero:

P,,n>3:

> <>

Qna n > 95:

X<

Q

Q
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Y5:

5 5/2
O O O o2 0,
Ry:
©; O O O O

?
Rg:

Rg:

O O I

Lemma 8.9. The above graphs are not positive definite.

@)
@)
@)
@)

Proof. The matrix of P, has the form:

1 -1/2 0 ... 0 —1/2
~1/2 1 -1/2 ... 0 0

0 0 0o ... 1 —1/2
~-1/2 0 0 ... —1/2 1

If we add to the first row the other rows then the resulting matrix has first row consisting
of just zeros. Hence, det P, = 0.
To calculate the determinant of @),, we label as follows
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Then the matrix of @, is:

0

Dn_g .
—-1/2

0 -1/2 1
0 ... 0 —1/2
o ... 0 —1/2

Expanding on the last row:

det Qn

> (1) Qy; det Q(nly)

Jj=1

Dn—3
(—1/2) det

0o ... 0

Dn—3
(—1/2) det

0 ... 0

0 ... 0
det D,,_1 — (1/4) det D,,_3
/277172 (1/2%) (12372
0.

0 ... —1/2

0

1

0

e
~1/2

1

12
—1/2

o | +1-detD,_;

+ det Dy 1

The remaining determinants may be shown to be zero by similar methods.

65

O]

Theorem 8.10. If G is a connected positive definite Coxeter graph, then G is one of the
graphs An; Bn; Dn; H517 GQ; -[3; -[4} F4; E67 E7 or ES'

Proof. First of all, we see that since P, is never positive definite, G does not contain a

circuit.
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Next, we consider the possible labels of G. Suppose G has a label n with n > 6. Then
H3 for n > 7 or Gg is contained in G. In fact, we get G = HY or G = G, for otherwise
Us; is contained in G. We may therefore assume that every label is 3,4 or 5.

The remainder of the argument is now divided into cases. Suppose first that 4 is a
label. Then since S,, is not a subgraph of G, 4 is a label for exactly one edge. Also, G
cannot have a branch vertex: otherwise, T}, is a subgraph. Thus, G is just a sequence of
vertices and edges, with one edge labeled 4. As S,, is not a subgraph, no other edge can
be labeled 5. So all the edges are labeled 3, except for one edge which is labeled 4. If the
edge labeled 4 is one of the end edges, G is a B,. Assume the edge labeled 4 is not an
end edge. If there are at least two edges on one side of the edge labeled 4, then V5 is a
subgraph, which is impossible. Hence, G is Fy.

Next, suppose 4 is not a label, so that the possible labels are 3 and 5. Suppose that
5 is a label. Then 5 is a label for exactly one edge: otherwise, S, is a subgraph. Also,
again G cannot have a branch point: otherwise T}, is a subgraph. So G is a just a sequence
of vertices and edges, with one edge labeled 5 and the rest labeled 3. The edge labeled 5
cannot be an interior edge: otherwise, Z4 is a subgraph. So the edge labeled 5 is an end
edge. There can be at most two edges besides the end edge labeled 5: otherwise, Y5 is s
subgraph. Therefore, G is H3, I3 or .

We now must deal with the remaining case when all the edges are labeled 3. Since @,
is not a subgraph, G' can have at most one branch vertex; moreover, that branch vertex, if
it exists, must have exactly three edges coming out of it. If G has no branch vertex, then
G is an A,,; assume G has a (unique) branch vertex. Then at least one of the edges coming
out of the branch vertex is not connected to another edge: otherwise R7 is a subgraph. If
another edge coming out of the branch vertex is also not connected to another edge, then
G is a D,. Assume, therefore, that exactly one edge coming out of the branch vertex is
connected to no other edge. Then besides the single edge coming out of the branch vertex,
the two other sequences of edges can be of length at most four: otherwise, Ry is a subgraph.
The picture is:

at most 4 at most 4

We cannot have at least three edges and at least three edges for otherwise Rg is a subgraph.
So we must have
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at least 2 at least 2

/_/H/_/R

©) O

and at most one has three or four. Hence, G is Eg, E7 or Ejg.

67
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9 The crystallographic condition

We say that a Coxeter group G is crystallographic if there exists a lattice in R” which is
stabilized by G. We will now determine all the possible crystallographic irreducible Coxeter
groups.

Lemma 9.1. If G is a crystallographic Coxeter group, then all of the p;; are 1,2,3,4 or 6.

Proof. Suppose G is a crystallographic Coxeter group. Let ¢ # j. To prove that p;; = 2, 3,4
or 6 we will compute the trace of S;S; in two different ways. Since G stabilizes a lattice,
there exists a basis for V' such that all the matrices in G have integral entries. Hence, the
trace of 9;S; is an integer.
On the other hand, we saw before that there was a basis for V such that the matrix of

S;S; in this basis has the form

A 0

o0

_|cos(2m/pi;)  —sin(27/pij)
A= [sin(Qw/pij) cos(27 /pij) ] .

It follows that the trace of S;9; is

where

2cos(2m/pij) + (n — 2).

This is an integer if and only 2 cos(27/p;;) is an integer. We have:

2cos(2m/2) = 0,

2cos(27w/3) = 1,

2cos(2m/4) = 0,

2cos(21/5) = (—=1++5)/2,

2cos(2w/6) = 1.
And

pij > 6
271'/;01']‘ < 7T/3
2> 2cos(2m/pij) > 2cos(n/3) =1.

Hence, if p;; > 6, then 2 cos(2m/p;;) is not an integer. O

Corollary 9.2. If G is an irreducible Cozeter group and G is crystallographic, then G has
Cozeter graph Ay, By, Dy, Ga, Fy, Eg, E7 or Eg.
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Next, suppose G is an irreducible Coxeter group and G has Coxeter graph one of the
graphs listed in the last corollary: is G crystallographic? We will show it is. To do so, we
must produce a lattice which is invariant under all the elements of G. A natural object to
look at is the base II = {ry,...,r,} for G. This is a basis for V, and we can consider the
lattice spanned by these n linearly independent vectors:

Ty + -+ + Ty,

It turns out that G often stabilizes this lattice — but not always. To get a lattice stabilized
by G we need to modify the lengths of the r;. We do this as follows:

{7’1,...,

{7“/ 7“/}: {(1/\[)7"177“2,--- Tn} if G =B,
b {(1/v/3)r1,72} if G = Gy
{7‘1,7’2,(1/\[)7“3,(1/\[)7"4} lfG F4

Lemma 9.3. If G is an irreducible Coxeter group with Cozeter graph Ay, By, D,, Ga,
F4, Eﬁ, E7 or Eg, then

} ifG:AnaDTL?EﬁvE'?aES

pij =3 = |Iril =}l
pij=4 = |ril = V2lrjll orllrjl| = V2l

pij =6 = |Irill = V3|75l or 5l = V3|l
Proof. This follows by inspection; it is useful to look at the Coxeter graph. O

Theorem 9.4. If G is a Coxeter group with Coxeter graph A,, By, D,, Go, Fy, Eg, Er
or Eg, then G is crystallographic.

Proof. We define the following lattice:
L=7r)+ -+ 7.

We need to verify that if 1 < j < n then S; 7“’ € L. There are several cases. If p;; = 1,
ie., i = j, then Slrj =Sir,=—re L. If pjj = 2 then (rf,7%) = 0. Hence,

T4 ]
/77,,/
Sr —r —2(] f) ;:TSEL.
(Tﬂrz)
Assume p;; = 3. Then
/ /
Sr —r —2( wrl) !
() &
We also have
(TZ7T]) (Thrj)

= = —cos(m/3) = —1/2,

il Aralllles |
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so that
(ri, r5) = (=1/2) |l 175
Substituting, we get:
=1/2)||75 ||| 1/2) |72
PN o [/ N GV T8

’ (rird) 0 73112

r—i— e L.

Suppose p;; = 4. Then

rir T
(/z ]/) _ (7”1 T'J) :—COS(TF/4):—1/\/§,
Il Ml
so that
N o VA [ O VAV L [/ WA U1
R (ri,ri) A 7312 T
If |7 = \/§||r3|\, then we have
Sl — o \/iHT;H r re L
vy =71+ Wri—rj—i-rie .
(3
If (|73 = V2||7||, then we have
/
Sir’, +\f||| ,” rh+2r} € L.
Suppose p;; = 6. Then
T T 3
(/z ]/) _ (7"1 T]) :*COS(ﬂ'/6):*£,
Il Ml 2
so that
(- fﬁ)HT”HHT’H \f/2)H7“’HH?“’H I 'H
Sl =1 —2 7“"—2 +\f
R (ri> i) T 1712 T

Suppose ||rj|| = v/3||r}||. Then
730l

Sir +\fH ,” ;-—H“;GL.
Suppose |7} = V3||7%||. Then
/
Sy’ +xf” L =1, +3r} € L.

[

This completes the proof. O
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10 Existence of Coxeter groups
Theorem 10.1. There exist Cozeter groups with Coxeter graphs
Any BTL; Dn, H5L7 G27 137 147 F47 E67 E77 ES'

Proof. Construction of A,: Let eq,...,e,t1 be the standard basis vectors for R*T1. We
can let the symmetric group S,41 act on R"*! by defining

Te; = er()
and extending by linearity. Consider the transpositions

Sl = (6162), SQ = (6263), ey Sn = (enem_l).

These elements generate S,11. We claim that they are also reflections. To see this, let
1<i<n. Set
Ty = €i+1 — €.

Then
7"Z-L =Re; +...Re;—1 + R(ei + €¢+1) + Rejro + ... Repya.

And we have

Sie1 = el
Siei1 = €i—1
Si(ei +eir1) = ei+ein
Sieira = €42
Sieny1 =  enyl.
Also,
Siri = —1;.

This proves that .5; is a reflection, and that r; is a root for S;; strictly speaking, we should
normalize 7; so that it has length one, but we will not do this explicitly. Since S,y is
generated by transpositions, we conclude that S, 1 is a reflection group. However, S, 11
is not a Coxeter group: it is not effective. The vector

(1,...,1)

is stabilized by all the elements of S, 1.
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To obtain a Coxeter group we define
V: (17"’71)J_:{(xly"‘)xn+l) :xl+'..+xn+l :O}‘

This hyperplane is preserved by the elements of S,,11. We denote by A, the subgroup
obtained by restricting the elements of S,, 1 to V: this is a subgroup of O(V'). Of course, the
restriction of elements of S, 1 to V is injective. The group A, is generated by reflections,
and is thus a reflection group. It is also effective. Assume v = a1e; + -+ anriept1 € V
is fixed by all the elements of A,,. Then for 1 <i <n,

v = Sw

= me]+...a;—-1€;-1 + Qi+1€; + G;€i41 + Aj42€i42 + -+ + Apy1€n41.

This implies that a; = -+ = an41. Hence, v € VL, and so v = 0. It follows that A, is a
Coxeter group.
Next, we compute the root system of A,. Already, we know that rq,...,r, are roots

of A,. Since these are roots for a generating set of A,, to find the root system of A, it
suffices to apply all the elements of A, to ry,...,r,. This is evidently:

A={e;—ej:i#j1<i,5<n+1}

We claim that there exists an element ¢ € V such that (¢,71) > 0,...,(t,7,) > 0, i.e., that
the r; all lie on the same side of a half-plane. Let t = aje; + - - - + ant16n+1 be an element
of V. Then:
(t,’l"i) = Qj41 — Q4.
We thus need
a1 <---<apy1 and a;+---+ape1 =0.
The choice
aa=—24+--+n+1),a2=2,...,ap41 =n+ 1.

We use t to define positive and negative roots. We get:
(t, €; — €j) = a; — aj.

This implies that

AT = {ei—ej:i>j,1§i,j§n+l},
A7 = {e;—ej:i<j1<i,j,<n+1}.
The roots r1,...,r, are clearly positive. Moreover, {ri,...,r,} forms a base for this root

system. If e; — e, 7 > j, is an arbitrary positive root, then

€ — € =Ti—1 + i+ +Tj.
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Hence,
IMI={ry,...,r}.

Finally, we have for i < j:

(Ti,Tj) { 0 ifj#i—kl

W_ —1/2=—cos(n/3) ifj=i+1.

This implies that the Coxeter graph of A, is

as desired.

Next, we construct a Coxeter group with graph B,. This time, we will work directly
inside O(R™), with no need to go to a smaller space inside our ambient space. Again, the
symmetric group S, acts R™ via permutations of the coordinates. It is generated by the
transpositions:

SQ = (6162), 53 = (8263), ey Sn = (en,len).

As before, Si,...,S,_1 is contained in O(R™), and in fact these elements are reflections
with S1,...,S,—1 having respectively roots
g =€ —€1,Tg =€3 —€2,...,Tp =€ —€Ep_1.

Besides the subgroup S,,—1 C O(R™) we will also consider a subgroup of O(R™). Namely,
we consider the elements defined by

e; ifjAi
Seiles) = { Lo =i
These elements are defined for 1 < ¢ < n, and are clearly contained in O(R™). We let
K,, denote the subgroup of O(R™) generated by these elements. Since the elements S, all
commute with each other, and since each has order two, K, is the direct product of the
subgroups generated by the S,, and has order 2". For each element k of K, there exists
a unique subset J of {e1,...,e,} such that

k=] Se.

e;€J
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We denote the element corresponding to J by f;. Of course, it sends e; to —e; if and only
if e; € J; otherwise, it sends e; to e¢;. We see that

fofL = fiar

where JAL is the symmetric difference (J — L) U (L —J) = (JUL)— (JNL). We claim
that S, normalizes K,,. Let T € S,, and f; € K,,. We assert that

TfT™" = frop.

To see this, we compute. Let e; be a standard basis vector. Then T~ 'e; is another standard
basis vector, say, T le; = ej. We get

TfiT  e; = Tfre;.

If ej € J, this is:
TfJT_IEi = TfJej = T(—ej) = —Te; = —e;.

If ey ¢ J, this is:
Tf]Tilei = Tfjej = T(:’j = €;.

This proves our claim. We also note that
K,nS, =1

This is clear because the elements of S, never change the sign of a standard basis vector
and the only element of K, that does not change the sign of some standard basis vector is
the identity. We may now consider the semi-direct product

B, =K, xS5,.

This is the subgroup of O(R™) generated by the subgroups K, and S,,. Every element of
B, may be written in the form

[T
where T € S,,. We have
FiTfLS = fiTfLT'TS = f1fr)TS = frarw)TS-

What elements generate B,,? We know that B,, is generated by the elements:

fersooos Jens 52y, Sn.

But in fact B,, is generated by smaller set. Let T € S, send e to e;; there are many
elements that do this. Then

Tfe, 77" = fire,y = fe,-
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Since T is a product of elements from {So, ..., S,}, it follows that B, is generated by

{fer,S2,. -+, Sn}.
We already know that S; has a root r; = ¢; — e;—1 for i = 2,...,n; the element f., has a
root r1 = e1. The set
{ri=e,ro=e2—e€1,....,7n, =€, —€n_1}

is a basis for R™. Is B,, a Coxeter group? It is a finite subgroup of O(R"™) generated by
reflections. Moreover, since a basis for R™ is contained in the set of roots of B,, it is
also effective. So it is a Coxeter group. The roots of B,, are obtained by applying the
elements of B, to the roots of a generating set. Therefore, as each element of B,, is either
a permutation or some sign changes of the standard basis vectors, the root system is:

A={xe;:1<i<n}U{xe;Le;:i#jl<i,j<n}

Again, we want a t = (ay,...,ay) such that r1,...,r, are all positive with respect to ¢,
i.e.,

(t,Tl) = (t, 61) =a; >0,

(t,?“g) = (t, €9 — 61) =as —ai > O,

(t,rn) = (t,en —en—1)=an —an—1 > 0.

Thus, we need
0<a < - <ay.

Such an element ¢ certainly exists. We find that

AT ={e1,...;enfU{ei—ej:1<j<i<n}U{e;+ej:i#j1<ij<n}

And
A7 ={—-e,...,—ep}U{-€ei+e;:1<j<i<n}U{—e —ej:i#j1<1i,j<n}
We have
e, = Ti+“’+7“2+7‘1,
ej—e€j = 1T+,
eit+e; = (ri+--Frot+r)+(r+-+r2+r1).

It follows that
MI={ry,...,r}
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is the base. Finally, we have

ry [ CUVE=—costr/a) =15 =2,
[lrillllr;l 0 otherwise.

This implies that the Coxeter graph of B, is:

Next, we consider D,,. Again, we will work inside O(R"™), and the analysis will be
similar to the case of B,,, except that we will change the notation somewhat. Let

L, ={f; € K,, : |J] is even}.
The set L,, is a subgroup of K, because
|JAL| = |J|+|L| —2|J N L|.

The formula from above shows that S,, normalizes L,,, so we can consider the semi-direct
product
D, =L, xS,.

Let
rr=e1+e,T2 =€ —€1,...,Ty = €Ep — En_1.

We let S1,...,S, be the reflections along 71, ..., r,, respectively. Thus,
So = (e1€2),..., 5, = (en—1€n).
These elements, as before, generate S,,. What about the element 517 We have
(e1 + 62)L =R(e; —e2) + Rez + - - - + Rey,.
Thus,

51(61-1—82) = —(€1+€2),
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Si(eg —e1) = ex—eq,
Sies = es,
Sie, = e,.
Thus, in fact,
Sie; = —eo,
Siea = —ej.

We see that
S1= f{el,eg}SZ-

Thus, Sy is also in D,,. We assert that S1,...,S, generate D,,. To prove this, it suffices to
prove that the elements fr., ..y for i # j are contained in D,,. There exists an element T’
in S, such that T'{e1,e2} = {e;,e;}. We have

-1
Tf{el’GZ}T = f{e’i?ej}'

This element is contained in the subgroup generated by Si,...,.5,. We obtain that D,, is

generated by the reflections S1,...,5,; it is also clear that D,, is effective, as r1,...,7r, is
a basis. Hence, D,, is a Coxeter group. To find all the roots of D,, we apply the elements
of D,, to the roots rq,...,r, of our generating set Si,...,S,. This gives us:

A:{ieiiej:1§j<i§n}.

We want rq,...,7, to be positive. Therefore, we need, letting t = (aq,...,an),
(Tl,t) = a1 +as > 0,
(Tg,t) = az —ay > 0,
(rn,t) = apn—ap—1 >0.

That is, we need
Ap > -+ > 09 > —a1,0a].

Such an element certainly exists. We can choose a; > 0, so that
Ap > -+ >a9 >a1 > 0.
The positive roots are then:

At ={e;te;j:1<i<j<n}
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And the negative roots are:
A7 ={-e;+ej:1<i<j<n}

We note that

e = (1/2)r1 + (1/2)r2,
e3 = 13+ (1/2)7"1 + (1/2)T27
en = Tp+--+r3+(1/2)r1 + (1/2)rs.

This implies that for 1 < j < i < n, e¢; ¢, is a nonnegative linear combination of elements
of {r1,...,mn}. Hence,
O={ry,...,r}

is the base. Finally, we have

—1/2=—cos(n/3) ifj=i+1,i>2,

i) g~ cos(n/3) ifi=1,j -3,
Il 0 otherwise.
Hence, the Coxeter graph of D, is:
i) Find a set of mutually obtuse vectors {ry,...,r,} in R” which form a basis such that

these vectors have Coxeter graph of the desired type.

ii) Let S; be the reflection determined by r;; set G = (S1,...,S,) in O(R™); the goal is
to prove:
a) G is finite;
b) {ri,...,rn} is a base for G.

This would prove that G is a Coxeter group with the desired graph. Note that G is
already effective because {ri,...,r,} is a basis.
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iii)

iv)

The idea is to produce a finite set I'" of vectors such that if we set I' = ' U —I'"
then

a) ;' =Tfori=1,...,n.

b) {r1,...,7n} C ', and every vector in I is a root for G;

c¢) Every vector in I'" is a nonnegative linear combination of 71, ..., 7.
From the first statement it follows that G is finite: G acts on the finite set I'* with
no fixed points. Hence, G is a Coxeter group. From the second statement, I' is in

fact the root system of G: every element of I" is contained in A, and as all the roots
of G are obtained by applying the elements of G to {ry,...,r,}, Aisin I' by the first

statement. By the last statement, {ry,...,r,} is a base: we can always choose ¢ such
that (t,7;) > 0 (proof: pick ¢ such that ¢ is perpendicular to r1 —ro, 71 —73,..., 71— 7y,
so that (¢,r1) = (t,72) = -+ = (t,7,); then multiply, if necessary, ¢ by a scalar so

that these numbers are positive).

The problem is thus reduced to finding I'". The algorithm for defining I't is as
follows. Let 'y = {r1,...,m,}. For each r € T’y with (r;,7) < 0 (note the strict
inequality), obtain Sjr. Note that this is a root for G. Do this for the other pairs
r9, So through r,,.S,. Let I'y be the set of vectors obtained in this way, along with I'.
Now do the procedure again, applying it to the elements r of I'y — I'g, and obtaining
I's. We get a chain of sets:

I'ncIhycI', C....

We note that every r in these sets is a root of GG, and is a nonnegative linear com-
bination of elements of {ry,...,r,}. This is clear for the elements of T'y; assume it
is true for the elements of I';. Let r € I'j;1. Then r = S;r’ for some 1’ € ry—I
with (', r;) < 0. We have

ri,7’)

r=Sr" =1+ —2(“ Ti.

' ( (74, Ti)) ‘

Hence, r is a nonnegative linear combination of elements of {ri,...,r,}. The first
key point is to choose r1,...,7, so that this algorithm terminates, i.e., for some k we

have (r,7;) > 0 for all i and all r € I'y, — I',_1. We then set
' =T}.

The second key point is to prove S;I' =T for all 7.
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The Coxeter graphs of irreducible Coxeter groups:

A,,n>1:
O? : :7 : : :7
B,,n>2:

4 4 4
o——-o0, O———0—=0, O O O
Dp,n >4

Q

80
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FEs:
o—o0 1 0—0
E7:
Eg:

81
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Graph Base
An Ti:€i+1—€i,1§’i§n
(V is the subspace of R"*! spanned these n vectors.)
By, rr=e1, =6 —€-1,2<1<n
D, rm=e +en,ri=e—¢6_1,2<it<n
HY r1 = (1,0), re = (— cos(mw/n),sin(mw/n))
GQ T1:€2—61,T2:€1—2€2+63
I3 r1 = pF2a+ 1,1, -2a),ry = B(—2a — 1,1, 2a),r3 = 5(2a, =20 — 1, 1)
Iy r1 = pF2a+1,1,—2a,0),re = f(—2a — 1,1, 2, 0)
rs = f(2a, —2a — 1,1,0),7r4 = f(—2a,0, —2a — 1, 1)

1++/5 ~1++5
+4\[,B = cos(27/5) = 71 V5
Fy r1=—(1/2)(e1 +ea+e3+eq),r2 =e€1,73 = €2 —e1,74 = €3 — €2
E6 7“1:(1/2)(2?:161'—2?:461‘),Tizei—ei_l,QSiSG
E7 T1:(1/2)(2?:161‘—218:461'),Tizei—ei_l,2§’i§7
Eg 7“1:(1/2)(2?:1@—2?:46@'),7“@'262'—61;1,2§’i§8

Here a = cos(m/5) =
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Graph

order of the group
(n+1)!

2Mn!

on—1pnl

2n

12

27.3%2 = 1152
23.3.5=120

26.32. 52 = 14400
27.3%.5=51840
210.34. 5.7 = 2903040
214.35.52.7 = 696729600

83
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Some marked graphs that are not positive definite:

P,,n>3:

> <>

Qn, n>5:

X<

@)
O

Q
Q

Ug:

]

Zs, cos(7)

I
N[OV

;4 < q <5

Vs:

84



10 EXISTENCE OF COXETER GROUPS

Ys:

5 5/2

R7:
©; O O O O
Y
Rg:
©; O O I O O
Y
Rg:
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