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This document contains lecture notes for the course Math 557, Ring Theory, taught at the Uni-
versity of Idaho by me, Brooks Roberts, in the fall of 2022. The text for the course was Steps in
Commutative Algebra, by R. Y. Sharp. The coverage of the notes begin near the end of the first

chapter of Sharp. These notes are essentially a copy of the material as presented in my lectures.
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1 Commutative rings and subrings

We recall that a Fuclidean domain is an integral domain R with a function 0 : R — 0 — Ny
(called the degree function) such that:

(i) If a,b € R—0, and a | b, i.e., there exists ¢ € R such that ac = b, then d(a) < 9(b).

(ii) If a,b € R with b # 0, then there exist ¢, € R such that

a=¢qb+rand r=0orr#0and d(r) < d(b).

Here are some examples of integral domains that are Euclidean:

Example. If K is a field, then K is a Euclidean domain with d(r) =1 for all r € R — 0.
Example. Z is a Euclidean domain with d(n) = |n|.

Example. Let K be a field, and let X be an indeterminate. Then K[X] is a Euclidean domain
with d(p) = deg(p).

Example. R = Z[i], the Gaussian integers, with

Oa) = la* =2*+y*,  a=ax+iy, z,y€L
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Here, 1 = v/—1.

Proof. We need to prove that (R, d) has the two properties of a Euclidean domain. Let a,b € R—0
with a | b. Let ¢ € R be such that ac = b. We have

9(b) = bl* = lacf® = |a|?|c|* = 9(a)d(c).

Since 9(b), d(a), and J(c) are positive integers we must have d(a) < 9(b).
For the second property, let a,b € R with b # 0. We consider ab~! € C. We have

ab ' =z+iy,  x,yeQ

There exist m,n € Z and g, h € Q such that

r=m+g, y=n+h  |g[<1/2, [h]<1/2.
Hence,
ab™' = (m+g) +i(n+h)
ab~' = (m +in) + (g + ih)
a= (m+ih)b+ (g+ih)b
a=qb+r,
where

g =m+in, r = (g +ih)b.
Since a, b, and ¢ are in R, so is . Now
a(r) =|rf?
= |g + ih|*b]”
= (g% + h*)a(b)

< (1/4+ 1/4)8(b)
< 9(b).

This completes the proof. ]

Let (R, 0) be a Euclidean domain. In general, the ¢ and r in the definition of a Euclidean domain

are not uniquely determined. The Gaussian integers provide an example. We have

11:7i:(2;i)(2—:5i)+(2r—i), d(r) =5 < d(b) =
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But we also have

1147 = (2—20) (24 5i)+ (=3 +4), () =10 < d(b) = 29.
S~—— R,—/Hb,_/ ——
a q M

However, if R =7 or R = K[X], then ¢ and r are uniquely determined.

The Gaussian integers are an example of the ring of integers of a quadratic extension of Q. Such
rings of integers are studied in algebraic number theory. Many of the concepts of commutative
algebra, especially early in its history, were developed for algebraic number theory. If D is a

square-free integer, then the ring of integers in Q(v/D) is:
R = Z[w]

where
VD if D=2,3 (mod 4),
“=Y1+vD

2

It is natural to consider whether or not R is Euclidean with

if D=1 (mod 4).

d(a + bw) = |a® — b*D|

for a,b € Z in analogy to the Gaussian integers. It is known that there are twenty-one values
of D for which R with this 0 is Euclidean. These values are D = —1,—-2,—-3,—-7,—11 and D =
2,3,5,6,7,11,13,17,19,21,29,33,37,41,57,73.

Unique factorization domains. We now consider another class of examples of integral domains
that turns out to be more general than Euclidean domains.
Let R be an integral domain. Let r € R. We say that r is an irreducible element of R if:

(i) r # 0 and r is not a unit.

(ii) If a,b € R and r = ab, then a is a unit or b is a unit.

We say that R is a unique factorization domain if:

(i) For all 7 € R such that r # 0 and r is not a unit, there exist irreducible elements py, ..., ps
such that
r=Dp1---Ds-
(ii) If p1,...,ps and qi,. .., q are irreducible elements in R and

then s = t, and after a renumbering, there exist units uq,...,us € R such that p; = u;q; for
1=1,...,s.

We will often abbreviate “unique factorization domain” as “UFD”.
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We will prove the following theorem later on.
Theorem 1. If R is a Fuclidean domain, then R is a unique factorization domain.

By the theorem, the following are all UFDs: any field, Z, K[X]| for K a field, and Z[i].

We also have the following theorem:
Theorem 2. If R is a unique factorization domain, then R[X] is a unique factorization domain.

By repeated use of this theorem, if R is a UFD, then so is R[X}, ..., X,].

One way to prove Theorem 2 is as follows. Let K be field of fractions of R. We know that K[X] is
a Euclidean domain. By Theorem 1 we have that K[X] is a UFD. We now use this to prove that
R[X] is a UFD; this uses the Gauss Lemma.

We note that if R is a UFD, then it can happen that R[[X]] is not a UFD.

It is fairly common that the existence condition (i) for a UFD holds for a ring R. For example,
if R is a Noetherian domain, then (i) holds. The uniqueness condition (ii) is the key point. If
R is the ring of integers in an algebraic number field, then (i) does hold, but (ii) usually does
not. Let R = Z|w] as above. If D < 0, then it is known that R is a UFD for exactly D =
1,-2,-3,-7,—11,-19,-43, —67,—163. If D > 0, then it is still an open problem to determine
when R is a UFD. It is conjectured that there are infinitely many D > 0 such that R is a UFD, but
this is not known. Historically, the problem that not all rings are UFDs led to the introduction of

the concept of “ideal numbers” or what are nowadays called ideals.
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2 Ideals

Let R be a commutative ring (as usual, with identity 1). Let I be a subset of R. We say that I is
an tdeal of R if:

(i) I #0.

(ii) If a,b e I, thena+0b e I.

(iii) If r € R and a € I, then ra € 1.
Assume that [ is an ideal of R. Then [ is an additive subgroup of R. To see this it suffices to prove
that if a,b € I, then a —b € I. Let a,b € I. Then —b = (—1)b € I by (iii); we now have a — b € I
by (ii). Besides being an additive subgroup of R, the set I also the property that ra € I for r € R
and a € A.
Example. Let R be a commutative ring. Then 0 and R are ideals of R.
Example. Let R and S be commutative rings, and let f : R — S be a ring homomorphism. Define
the kernel of f to be

ker(f) ={re R: f(r) =0}.
Then ker(f) is an ideal of R.

Proof. The set ker(f) is non-empty because 0 € ker(f). Let a,b € ker(f). Then f(a +b) =
fla)+ f(b) = 0+0 = 0, so that a + b € ker(f). Finally, let » € R and a € ker(f). Then
f(ra) = f(r)f(a) = f(r)-0=0, so that ra € ker((f). O

This example shows that ideals are the analogues of normal subgroups.

Example. Let R be a commutative ring. Let a € R. Define
(a) = Ra=aR={ra:r € R}.

Then (a) is an ideal of R. The ideal (a) is called the principal ideal generated by a and a is said

to be a generator of (a).

Proof. Clearly, (a) is non-empty. Let x,y € (a). Then there exist r,s € R such that x = ra and
y = sa. We have x +y = ra + sa = (r + s)a. It follows that x + y € I so that property (ii) holds.
It is clear that property (iii) holds; hence, I is an ideal. O

Example. If R =Z and n € Z — 0, then we can consider the principal ideal (n) = Zn = nZ. This
is the set of all the integers divisible by n.
Let R be an integral domain. We say that R is a principal ideal domain if every ideal of R is

principal. We will abbreviate “principal ideal domain” to “PID”.
Theorem 3. Let R be a Fuclidean domain. Then R is a principal tdeal domain.

Proof. Let I be an ideal of R. If I = 0 then [ is principal. Assume that I # 0. Consider the set

{Ob) : b€ I,b+#0).
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This is a non-empty set of non-negative integers. It follows that this set contains a smallest element
d(b) for some b € I. We claim that I = (b). It is clear that (b) C I. Let a € I. There exist ¢, € R
such that

a=gb+rand r=0or r # 0 and 9(r) < 9(b).

If » = 0, then a = ¢b so that a € (b). Assume that r # 0; we will obtain a contradiction. Since
r # 0 we have d(r) < 9(b). Also, r = a — qb € I. This contradicts the minimality of J(b). We have
proven that a € (b) so that I C (b). O

By this theorem we see immediately that Z and K[X] for K a field are PIDs. But very many
important rings are not PIDs. For example, in the exercises you will prove that if K is field then
K[X1, X2] is not a PID.

Later on we will prove that every PID is a UFD.

Creating ideals. We now consider some important ways to make ideals. The first is via intersec-

tions of ideals.

Proposition 4. Let R be a commutative ring, and let (Ix)xep be a collection of ideals of R. Then

I:ﬂfA

AEA

the intersection

is an ideal of R. The ideal I is called the intersection of the family (I\)en-

Proof. Since 0 is contained in every ideal, the intersection [ is non-empty. Let a,b € I. Let A € A.
Then a,b € Iy. This implies that a + b € I). It follows that a + b € I, proving that I has property
(ii). The argument that I has property (iii) is similar. O

Example. If m,n € Z — 0, then
(m)N(n) =ZmnNZn = (Icm(m,n)) = Zlem(m,n) = lem(m,n) Z.

To define more ways of creating ideals we first need some notation. Let R be a commutative ring.
Let A, B, A1, ..., A, be non-empty subsets of R. We define

Ai+--+ A, ={a1+ - +apn:a1 € A1,...,a, € Ay}

We also define

AB:{Zaibi:nEN,al,...,anGA,bl,...,bnEB}.
=1

More generally, we define

Aq--- A, = the set of all finite sums of elements of the form aq---ay,, a1 € A1, ..., an € Ay,.
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We also define
A" =A... A.

Proposition 5. Let R be a commutative ring. Let H be a non-empty subset of R. Then the set
RH = HR is an ideal of R called the ideal generated by H.

Proof. This is a straightforward verification. O

Let the notation be as in Proposition 5. Then we will also write (H) for RH = HR. Assume that
H ={hy,...,h}. We then write (h1,...,h) for RH = HR = (H). We call (hy,...,h:) the ideal
generated by hq,...,h; and say that (H) is finitely generated. It is easy to see that

(hl,...,ht):{T1h1+--'—|—rthtZTl,...,TtER}.

This extends the concept of an ideal generated by a single ideal, i.e., a principal ideal.

We can form new ideals by taking sums.

Proposition 6. Let R be a commutative ring, and let I1,..., I, be ideals of R. Then the sum
I +--- 41, is an ideal of R.

Proof. This is a straightforward verification. O

Example. Let R be a commutative ring and let hy,...,h; € R. Then
(hi,... he) = (ha) + -+ (he).
Example. If m,n € Z — 0, then
(m) 4+ (n) =Zm + Zn = Z = Z ged(m,n) = (ged(m,n)).

Finally, we can form products of ideals.

Proposition 7. Let R be a commutative ring and let Iy, ..., I, be ideals of R. Then the product
Iy --- I, is an ideal of R.

Proof. This is again a straightforward verification. O

Suppose that I, J, and K are ideals of a commutative ring R. Then it is easy to verify the following

statements:

IJCiInd,
(INK = I(JK),
IJ=JI,

RI =1,
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0I =0,
I(J+K)=1J+IK.
Example. If a,b € R, then (a)(b) = (ab).
Example. It can happen that I.J G I'NJ. For example, take R = Z, I = (2), J = (4). Then
IJ = (8), but (2)N(4) = (lem(2,4)) = (4). However, if I + J = R (in this case we say that I and
J are coprime or comaximal) then IJ =1+ J.

We consider one more way to create ideals. As usual, let R be a commutative ring. Let I and J
be ideals of R. Then the ideal quotient (I : J) is by definition

({:J)={reR:rJ CI}.

It is easy to verify that (I : J) is an ideal of R. An important special case is when I = 0. In this
case we have

(0:J)={reR:rJ=0}

This is called the annihilator of J, and is also written as
Ann(J) = (0:J).

You will have a chance to work with this concept in the exercises.

Residue class rings. Assume that R is a commutative ring, and that [ is an ideal of R. Regard
R and I just as abelian groups under addition. Then I is a subgroup of R, and since R is abelian,

I is trivially a normal subgroup of R. We can therefore consider the quotient group
R/I={a+1:a€ R}.

Here,
a+I={a+c:cel}.

We recall that a + I is called a coset of I in R, and the elements of a + I are called representatives
fora+ 1. If a’ € a+ I, then we have o' + [ =a+ 1 (if a’ € a+ I, then o’ = a + ¢ for some ¢ € I,
sothat a/ + I =a+c+I=a+1because c+ I =1 as c € I). The addition on R/I is defined by

(@+D)+Ob+1)=(a+b)+I

for a,b € R. It turns out that we can also define a multiplication on R/I so that R/I becomes a
ring. We define
(a+I1)b+I)=ab+1

for a,b € R.

Lemma 8. The multiplication on R/I is well-defined, and R/I is a commutative ring with identity
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1+ R.

Proof. We need to prove that the multiplication does not depend on the choice of coset represen-
tatives. Let a1, a2,b1,b2 € R be such that

ar+1=a0+1, by +1=0by+ 1.
We may write ao = a1 + ¢ and by = by + d for some ¢,d € I. Now

agby + I = (a1 —I-C)(bl +d) +1
=a1b; +a1d+ cby + cd+1
—_—

el
= albl + 1.

Here we have used ai;d 4+ ¢by + ¢d € I because ¢,d € I and I is an ideal. It follows that the
multiplication is well-defined. It is now easy to check that R/I is a commutative ring with identity
1+ R. O

A coset r+1 € R/I is often denoted by 7, i.e., one writes 7 = r+ I. We refer to R/I as the residue
class ring of R modulo I (or R mod I). We have 1p); =1=1+Rand Og;;=0=0+1=1.

Example. Let n be a positive integer. Then nZ = (n) is an ideal of Z. We can consider the
residue class ring Z/nZ. If n is a prime, then Z/nZ is a field. If n is not a prime, then Z/nZ has

zero divisors, and thus not an integral domain. For example, suppose that n =6 = 2 - 3. Then

which can also be written as

2:-3=6=0.
Assume again that R is a commutative ring and that [ is an ideal in R. Define
p:R— R/I
by
p(r)y=r+I1=r, rel.

We verify that f is a ring homomorphism as follows. First of all, we have p(1) = 1+ R = 1p/;.
Next, let r,s € R. Then

pr+s)=r+s+1
=(r+I1)+(s+1)
= p(r) + p(s)-
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And

p(r)p(s) = (r+1I)(s + 1)
=rs+1
= p(rs).

Thus, p is a ring homomorphism. We refer to p as the natural or canonical ring homomorphism
from R to R/I. Let r € R. Then

reker(f) <= p(r)=0gy <= r+I=1 < rel.

That is,
ker(p) = I.

Proposition 9. Let R be a commutative ring, and let I be a subset of R. Then I is an ideal of R

if and only if I is the kernel of a ring homomorphism from R to another commutative ring.

Proof. Assume that [ is an ideal of R. Then I = ker(p), where p : R — R/I is the canonical
homomorphism. Conversely, assume that I is the kernel of a ring homomorphism f: R — S, i.e.,
I = ker(f). Earlier, we proved that ker(f) is an ideal. Hence, I = ker(f) is an ideal. O

Theorem 10 (Ring isomorphism theorem). Let R and S be commutative rings, and let f : R — S

be a ring homomorphism. Then the function
f: R/ker(f) = im(f)

defined by

f(r+ker(f)) = f(r), reR

18 a well-defined ring isomorphism

Proof. To prove that f is well-defined we need to prove that the definition of f does not depend on
the choice of coset representative. Let r1,r2 € R and assume that 1 + ker(f) = ra + ker(f). Then
there exists k € ker(f) such that r; = 3 + k. We have

f(r1) = f(ra+k) = f(ra) + f(k) = f(r2) + 0= f(ra).

It follows that f is well-defined. It is easy to verify that f is a ring homomorphism using that f is
a ring homomorphism. To see that f is injective, assume that r € R is such that f(r + ker(f)) = 0.
Then f(r) = 0, so that r € ker(f). This implies that r + ker(f) = ker(f) = O/ yer(s)- Hence, f is
injective. To see that f is surjective, let s € im(f). Then there exists r € R such that f(r) =s. We
have f(r+ker(f)) = f(r) = s, which proves that f is surjective. Since f is injective and surjective,

f is bijective and is thus a ring isomorphism. O

10
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You will have a chance to use this theorem in the exercises.

Theorem 11 (Ideals in residue class rings). Let R be a commutative ring, let I be an ideal of R,

and let p: R — R/I be the canonical homomorphism. The function
i : {ideals of R containing I} — {ideals of R/I}

defined by
i(J)y=p(J)=J/I={r+1:reJ}

for J an ideal of R containing I is a well-defined bijection. If Q) is an ideal of R/I, then

J=p Q) ={reR:p(r)cQ}
is the ideal of R containing I such that i(J) = Q.

Proof. Tt is easy to see that i is well-defined, i.e., if J is an ideal of R containing I, then i(J) = J/I
is an ideal of R/I. To see that i is injective, let J; and Jo be ideals of R containing I such that
i(J1) = i(J2). We need to prove that J; = Jo. Let z € Ji. Then since i(J;) = i(J2) we have
x+le{r+I:re i} ={r+1:r € Jy}; therefore, there exists r € Jo such that z + 1 =r + 1.
We have

zvex+I=r+1Cr+Jy=Js.

This proves J; C Jo; similarly, Jo C Ji, so that J; = Jo and i is injective. To prove that 7 is
surjective, let Q be an ideal of R/I and define J = p~!(Q). We leave it to the reader to verify that
J is an ideal of R. To verify that i(J) = @, first let » € J. By the definition of J, p(r) € @, i.e.,
r+J € Q. It follows that i(J) C Q. Conversely, let s € R be such that s + 1 € @, i.e., p(s) € Q.
Then by the definition of J we have s € J. Hence, s+ I € i(J), so that @ C i(J). We now have
i(J) = Q, proving that i is surjective. O

Example. Let R = Z and I = 6Z = (6). By the theorem, the ideals of R/I = Z/6Z are in bijection
with the ideals of R = Z that contain I = 6Z. An ideal (n) = nZ contains (6) = 6Z if and only if
n | 6. The ideals that contain (6) = 6Z are (1) = Z, (2) = 2Z, (3) = 3Z, and (6) = 6Z. Thus, Z/6Z

has 4 ideals which are:

(1)=1{0,1,2,3,4,5},
(2) = {67271}7

(3) =1{0,3},

(6) = {0}

We can try to generalize the situation of the previous theorem. Suppose that R and S are commu-

tative rings, and f : R — S is a ring homomorphism. How can we relate the ideals of R and S via

11
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f7 Assume first that J is an ideal of S. We can then consider

YN ={reR: f(r)eJ}.

We claim this is an ideal of R. It is clear that f~!(J) is non-empty and that f~!(J) is closed under
addition. Let r € R and a € f~!(J). Then

flra) = f(r)f(a) € J

because f(a) € J and J is an ideal. It follows that ra € f~1(.J), completing the proof that f~1(.J)
is an ideal of R. The ideal f~!(J) of R is called the contraction of J, and is denoted by

JC= 7).

Next, suppose that [ is an ideal of R. Can we naturally obtain an ideal of S7 It turns out that
there are examples when f(I) = {f(r):r € I} is not an ideal of S. Instead, we consider the ideal
generated by f(I), which is (f(I)). The ideal (f(I)) is called the extension of I and is denoted
by

The following facts hold.

Lemma 12. Let R and S be commutative rings, let f: R — S be a ring homomorphism, let I be
an ideal of R, and let J be an ideal of S. Then

(i) I C I°c.

(ii) J C J.

(iii) I¢ = Te°e.

(iv) Jeec = Je.
Proof. (i). Let r € I. Then f(r) € I¢ by the definition of I¢. This implies that r € f~1(I¢) = I°c.
Thus, I C I°°.
(ii). We have

Je=(f(fTHI))) I

(Note that since f(f~1(J)) € J and J is an ideal, we have (f(f~1(J))) C J).

(iii). By (i), I C I¢¢. This implies that I¢ C [, (11) we have 1¢°¢ C [¢. Tt follows that
I¢ = I°°°. eq (iv). By (ii), J* C J; hence, J*¢ C J¢. By (i) we have J¢ C J°¢. We now have
Jeee = Je. O

As a corollary of this lemma we see that there is bijection

Cr = {all contractions of ideals of S} «— Eg = {all extensions of ideals of R}

12
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defined by

I I for I € Cg,
JC 1 J, for J € Eg.

13
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3 Prime ideals and maximal ideals

Let R be a commutative ring and let M be an ideal of R. We say that M is a maximal ideal of
R if

(i) M is a proper ideal of R, i.e., M G R.

(ii) If I is an ideal of R such that M C I C R, then I = M or I = R.

Lemma 13. Let R be a commutative ring. Then R is a field if and only if R has exactly two

distinct ideals, namely 0 and R.

Proof. Assume that R is a field. Of course, 0 and R are ideals of R. Since F is a field we have
0 # 1 (this is part of the definition of a field). This implies that 0 # R so that R has at least two
distinct ideals. Let I be another ideal of R; we claim that I = 0 or I = R. Assume that I # 0.
Then there exists « € I such that x % 0. Since R is a field there exists » € R such that rx = 1.
Now rx =1 € [ because [ is an ideal. Since 1 € I every element of R isin [, i.e., I = R.

Now assume that R has exactly two distinct ideals. Let z € R, x # 0. Consider the ideal (z). Since
x is non-zero, (r) must be R. Therefore, 1 € (x). Hence, there exists r € R such that ro = 1. This
implies that R is a field. O

Lemma 14. Let R be a commutative ring and let M be an ideal of R. Then M is a mazimal ideal
of R if and only if R/M s a field.

Proof. By Theorem 11 applied to R and M, there is a bijection

{ideals J of R such that M C J C R} <— {ideals of R/M?}.

Therefore,
M is a maximal ideal <= the first set has two elements
<= the second set has two elements
<= R/M is a field (by Lemma 13).
This completes the proof. ]

Example. The maximal ideals of Z are the ideals (m) = mZ where m is a prime.

Proof. Let M be an ideal of Z. Since Z is a PID, we have M = (m) = mZ for some m € Z. Now

M is a maximal ideal of Z <= Z/M = Z/mZ is a field (Lemma 13)

<= m is a prime (elementary number theory).

This completes the proof. O

14
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Example. Let K be a field and let f € K[X] be non-zero and not a unit, i.e., not in K* = K —0.
Let R = K[X] and M = (f). Then M is a maximal ideal of R if and only if f is irreducible.

Proof. Assume that M is maximal; we need to show that f is irreducible. Assume that f = pg
with p,q € R. We need to prove that p is a unit or ¢ is a unit. Assume that p is not a unit. We
have M = (f) € (p) € R. Since p is not a unit we have (p) & R. Since M is maximal this implies
that (p) = M = (f). Let g € R be such that p = fg. We now have

f=prq= fgq.

As R is an integral domain this yields 1 = gq so that ¢ is a unit. Hence, f is irreducible. Assume
that f is irreducible; we need to prove that M is maximal. Assume that I is an ideal of R such
that M C I C R. Since R is a PID there exists g € R such that I = (g). Now (f) C (g); hence,

there exists h € R such that f = gh. Since f is irreducible either ¢ is a unit or h is a unit. If g is
a unit, then I = R; if h is a unit, then I = M. It follows that M is maximal. O

Example. Let K be a field and let Xq,..., X, be indeterminates. Let a1,...,a, € K. Then
M= (X; —a1,..., Xy — ap) is a maximal ideal of R = K[X1,...,X,].

Proof. Let p: R — R/M be the canonical map. Let ¢ be the restriction of p to K, so that ¢ is
map t : K — R/M. We claim that t is a ring isomorphism. Since t is the restriction of p, ¢ is a
ring homomorphism. To prove that ¢ is injective we prove that ker(t) = 0. Let a € ker(t). Then
t(a) =0, i.e., a+ M = M. This implies that a € M. Hence, there exist pi,...,p, € R such that

a :pl(Xl - al) + - +pn<Xn - an)-

Evaluating both sides at (ay,...,ay), we obtain a = 0. Thus, ker(¢) = 0 and ¢ is injective. To prove

that ¢ is surjective we note first that since X; — a; € M we have fort =1,...,n

Xi+M=a;+ M
Xi = aj;.

Now let g € R. Write

: A
9= E Ciy,myin X1 X
(i17...,in)€A

Using that X; = a@; for i = 1,...,n, we have
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=t(g(al,...,an)).

Since every element of R/M is of the form g for some g € R, we see that t is surjective. Since ¢ is
an isomorphism of rings, and since K is a field, R/M is also a field. By Lemma 14 the ideal M is

maximal. O

If the notation is as in the last example, and if K is algebraically closed, then it turns out that every
maximal ideal of R = K[X,...,X,] is an M as in the example, i.e., M = (X1 —aq,..., X, — ayp)
for some ai,...,a, € K. This is a famous theorem called the Hilbert Nullstellensatz (zeros

theorem).

Lemma 15. Let R be a commutative ring and let M be an ideal of R such that I C M C R. Then
M is a mazimal ideal of R if and only if M /I is a maximal ideal of R/I.

Proof. Using Lemma 13 we have:

M maximal ideal of R <= R/M is as field (Lemma 13)
< (R/I)/(M/I)= R/M is a field
<= M/I is a maximal ideal of R/I (Lemma 13).

This completes the proof. ]

One can also prove the existence of maximal ideals using Zorn’s Lemma. Let X be a non-empty
set, let < be a relation on X. We say that < is a partial order if

(i) < is reflexive: if x € X, then z < z.

(ii) <is antisymmetric: if z,y € X and x <y and y < z, then x = y.

(iii) <
Assume that X is partially ordered with respect to <. Let Y C X be a subset of X. We say that
Y is totally ordered if for all x,y € Y we have x < y or y < x. We say that Y has an upper
bound in X if there exists x € X such that y < x for y € Y. Finally, let m € X. We say that m

is transitive: if x,y,z € X and ¢ <y and y < z, then z < z.

is a maximal element of X if there does not exist z € X such that m < z and x # m; this is

equivalent to for all x € X, if m < x, then £ = m.

Theorem 16 (Zorn’s Lemma). Let X be a non-empty set that is partial ordered with respect to
the relation <. If every totally ordered non-empty subset Y of X has an upper bound in X, then

X contains a mazimal element.
Proof. This is equivalent to the axiom of choice of set theory. O

Proposition 17. Let R be a commutative ring, and let I be a proper ideal of R, i.e., I ; R. Then
there exists a maximal ideal M of R such that I C M ; R.

Proof. Let X be the set of all proper ideals J of R such that [ C J ; R. The set X contains [
and is thus non-empty. We will use the partial order C on X. Let Y be a totally ordered subset
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of X. Let B be the union of all the elements of Y. We claim that B € X. Since every element of
Y contains I, the set B certainly contains I and is thus non-empty. Let bi,by € B. There exist
Ji,J2 € Y such that b; € J; and by € Jy. Since Y is totally ordered we have J; C Jy or Jo C Jj.
Assume that J; C Js. Then by,by € Jo, and hence by + by € Jo C B since .J, is an ideal. Similarly,
if Jo C Jy, then by + by € B. Next, let r € R and b € B. There exists J € Y such that b € J. Since
J is an ideal we have rb € J C B. It follows that B is an ideal. Since I C B, B € X. Also, by
construction we have J C B for all J € Y; hence, B is an upper bound for Y. By Zorn’s Lemma,

X contains a maximal element M. The element M is a maximal ideal that contains I. O

Let R be a commutative ring, and let P be an ideal of R. We say that P is a prime ideal of R if
(i) P is a proper ideal of R, i.e., P G R.
(ii) If a,b € R and ab € P, thena € Porb e P.

Example. Let R be an integral domain. Then 0 is a prime ideal of R.

We will consider non-trivial examples of prime ideals after a number of lemmas.

Lemma 18. Let R be a commutative ring and let P be an ideal of R. Then P is a prime ideal of

R if and only if R/ P is an integral domain.

Proof. Assume that P is a prime ideal. Since P is proper, R/P # 0. Assume that a,b € R are
such that ab = (a + P)(b+ P) = P. Then ab+ P = P so that ab € P. Since P is a prime ideal we
have a € P or b € P; this is equivalent to @ = 0 or b = 0. Hence, R/P is an integral domain. Next,
assume that R/P is an integral domain. Then R/P # 0; hence, P is proper. Assume that a,b € R
are such that ab € P. Then ab = 0 in R/P. Since R/P is an integral domain we have a = 0 or
b= 0. This means that a € P or b € P. Hence, P is a prime ideal. O

Lemma 19. Let R be a commutative ring and let I be an ideal of R. Let P be an ideal of R such
that I C P C R. Then P is a prime ideal of R if and only if P/I is a prime ideal of R/I.

Proof. Using Lemma 18) we have:

P is a prime ideal of R <= R/P is an integral domain (Lemma 18)
<= (R/I)/(P/I) = R/P is an integral domain
<= P/I is a prime ideal of R/I.

This completes the proof. ]

Lemma 20. Let R be a commutative ring, and let M be a maximal ideal of R. Then M is a prime
ideal of R.

Proof. We have

M is a maximal ideal of R = R/M is a field

—> R/M is an integral domain

17
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=—> M is a prime ideal.

This completes the proof. O

We will now study maximal and prime ideals in the context of PIDs. Let R be an integral domain.
Let p € R be non-zero and not a unit. We say that p is a prime element of R if the following
holds: if a,b € R and p | ab, then p | a or p | b.

Lemma 21. Let R be an integral domain. Let p € R and assume that p is non-zero and not a
unit. Then

(i) If p is prime, then p is irreducible.

(ii) p is prime if and only if (p) is a prime ideal.

Proof. (i). Let p be prime. Suppose that p = ab; to prove that p is irreducible we need to prove
that a is a unit or b is a unit. Since p = ab we have p | ab. Since p is prime we obtain p | a or p | b.

Assume that p | a. Then pc = a for some ¢ € R. We now have:
pc=a = abc=a = bc=1.

Here, the last step follows because R is an integral domain. It follows that b is a unit. Similarly, if
p | b, then a is a unit. It follows that p is irreducible.

(ii). Assume that p is prime. Let a,b € R be such that ab € (p). Then p | ab. Since p is prime
we have p |a or p | b, i.e., a € (p) or b € (b). Assume that (p) is prime. Let a,b € R and assume
that p | ab. Then ab € (p). Since (p) is prime we have a € (p) or b € (p). This means that p | a or
p|o. O

Lemma 22. Let R be a PID. Let p € R be non-zero and not a unit. Then the following are
equivalent:

(i) (p) is a mazimal ideal of R.

(ii) (p) is a non-zero prime ideal of R.

(iii) p is a prime element of R.

(iv) p is an irreducible element of R.
Proof. (i) == (ii). This follows from Lemma 20.
(i) = (iii). This follows from Lemma 21.
(iii) = (iv). This follows from Lemma 21.
(iv) = (i). Assume that p is an irreducible element of R. Assume that [ is an ideal of R such
that (p) € I C R. Since R is a PID, there exists a € R such that I = (a). Now (p) C (a); hence,
there exists b € R such that p = ab. Since p is irreducible either a is a unit or b is a unit. If a is a
unit, then (a) = R; if b is a unit, then (a) = (p). It follows that R is maximal. O

Let R be a commutative ring. We will write
spec(R) = the set of all prime ideals of R,
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m-spec(R) = the set of all maximal ideals of R.
The set spec(R) is called the spectrum of R. We have
m-spec(R) C spec(R).
From the lemmas, we see that:
R is a PID = m-spec(R) = spec(R) — 0.

There are other important rings for which this equality holds, e.g., the ring of integers in an algebraic
number field (examples of this are Z and Z[w]). But there are also many important rings for which
this equality does not hold.

Example. Let K be a field and let Xy,...,X,, be indeterminates, and let R = K[X1,...,X,].

Consider the ideals

(X1) € (X1,X2) C (X1, X2, X3) C - C(Xy,..., Xp)
of R. These ideals are mutually distinct, (X1), (X1, X2),,...,(X1,...,X,—1) are prime, and
(X1,...,X,) is maximal.

Proof. Let k € {1,...,n}. Then
R/(X1,...,Xp) = K[X1,. .., Xu/(X1, ..., Xp) 2 K[Xpp1s ..., Xnl.

It follows that R/(X1,..., Xk) is an integral domain; also, if k = n, then R/(X,..., X}) is a field.
This proves that (X7), (X1, X2),,...,(X1,...,Xp—1) are prime, and (X1, ..., X,,) is maximal. The
proof that these ideals are mutually distinct is left to the reader. O

It turns out that all these examples of R, (PIDs, rings of algebraic integers, and polynomial rings)
are examples of what are called Noetherian rings. As the course progresses we will mainly study
Noetherian rings. To define this concept we need some definitions. Let R be a commutative ring.

We say that R satisfies the ascending chain condition on ideals if for all sequences of ideals
LCLCIz3C---
there exists n € N such that

In: n+l = dn+2 = ",

i.e., the sequence becomes stationary. We say that R satisfies the maximal condition on ideals
if any non-empty set X of ideals of R contains a maximal element I, i.e., for all J € X, if I C J,
then I = J.

Lemma 23. Let R be a commutative ring. Then the following are equivalent.
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(i) R satisfies the ascending chain condition on ideals.
(i) R satisfies the mazximal condition on ideals.
(iii) Every ideal of R is finitely generated, i.e., if I is an ideal of R, then there exist ri,...,1, € R
such that I = (r1,...,7n).

Proof. (i) = (ii) Assume that R satisfies the ascending chain condition on ideals, but does not
satisfy the maximal condition on ideals; we will obtain a contradiction. Since R does not satisfy
the maximal condition there exists be a non-empty set X of ideals of R which does not have a
maximal element. Let I; € X. Since I; is not maximal, there exists an ideal I € X such that

Iy G Ip. Similarly, there exists I3 € X such that I G I3. Continuing, we obtain a chain of ideals
hSCLSGBSG .

This contradicts the ascending chain condition.

(ii) = (i) Assume that R satisfies the maximal condition on ideals. Let
LCLCI3C -

be a sequence of ideals in R. Let X = {I; : i € N}. This set has a maximal element I,,. Since I,, is
a maximal element of X and since I,, C I,,, for m > n, we must have I,,, = I,, for m > n. It follows
that R satisfies the ascending chain condition on ideals.

(i) = (iil) Assume that R satisfies the ascending chain condition on ideals, but there exists a ideal
I of R that is not finitely generated; we will obtain a contradiction. Let z; € I. Since [ is not
finitely generated we have (z1) G I. Hence, there exists 2o € I — (x1). We have (z1) G (21, 22).
Since [ is not finitely generated, (z1,x2) ; I; hence there exists x3 € I — (z1,22). We have

(z1,22) G (21,29, 23). Continuing, we obtain a sequence of ideals of the following form:

(w1) ; (w1, 22) ;C,i (71,2, 23) ; T

This contradicts the ascending chain condition.

(iii) = (i) Assume that every ideal of R is finitely generated. Let
LchCclz3c---

be a sequence of ideals in R. Let I = U2 [;. Using that the above sequence is ascending
it is straightforward to verify that I is an ideal of R. The ideal I is finitely generated; let
T1,...,7n be such that I = (r1,...,7r,). Now each r; is contained in some I, ; it follows that
if m > max(mq,...,my), then ry,...,r, € I,,. This implies that [ = (ry,...,r,) C I, for
m > max(myq,...,my). Since I, C I for all m € N we obtain I,,, = I for all m > max(mq,...,my)

so that our ascending chain of ideals becomes stationary. O

We will say that a commutative ring R is Noetherian if it satisfies the three equivalent conditions
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from Lemma 23. It is evident that a PID is Noetherian because every ideal in a PID is generated by
a single element. Also, it is another famous theorem of Hilbert, call the Hilbert basis theorem,
that R[Xy,...,X,] is Noetherian if R is Noetherian. In particular, if K is a field and X;,..., X,

are indeterminates, then K[Xj, ..., X,] is Noetherian.

Lemma 24. Let R be an integral domain and let I be a principal ideal of R. Assume that I # 0.
Let a,b € R. Then a and b are both generators of I if and only if there exists a unit r € R such
that a = rb.

Proof. Assume first that a and b are both generators of I. Since (a) = (b) there exist 7, s € R such
that @ = rb and b = sa. Now a = rb = rsa, so that a(1 —rs) = 0. Since R is an integral domain
we have a = 0 or 1 — rs = 0. We cannot have a = 0 because I # 0. Hence, 1 —rs =0, i.e., 1 = rs.
Therefore, r is a unit.

Next, assume that there exists a unit » € R such that a = rb. We then have (a) C (b). Since
r~la = b, we also have (b) C (a). Hence, (a) = (b), and a and b are both generators of I. O

Theorem 25. If R is a PID then R is a UFD.

Proof. We first prove that every non-zero, non-unit is the product of irreducibles. Assume this
does not hold; we will obtain a contradiction. Let X be the set of all ideals (a) of R such that a is
not the product of irreducibles. The set X is non-empty by our assumption. Since R is a PID, R
is Noetherian; by Lemma 23 the set X has a maximal element (b). Consider b. Obviously, b is not
irreducible. Hence, there exist ¢,d € R such that b = ¢d and ¢ and d are not units. This implies
that

BSE@OGR (0SSR
d)

By the maximality of (b) we must have (¢) ¢ X and (d) ¢ X. By the definition of X this implies
that ¢ and d be written as the product of irreducibles. Hence, b is a product of irreducibles, a
contradiction. Next, we need to prove that every non-zero, non-unit is the product of irreducible
in a unique way (see the definition of a UFD). We will leave this to the reader. (Use that since R

is a PID every irreducible element of R is prime (see Lemma 23).) O

Let R be a commutative ring, and let S be a subset of R. We say that S is multiplicatively
closed or is a multiplicative subset if:

(i) 1€ S,

(ii) If s1,82 € S, then s1,59 € S.
Example. Let R be a commutative ring and let s € R be non-zero. Then S = {s" : n € Ny} is
multiplicatively closed.
Example. Let R be a commutative ring and let P be a prime ideal of R. Define S = R — P. Then

S is a multiplicatively closed subset of R.

Proof. Since P ;Ct R we have 1 # P so that 1 € S. Let s1,s9 € S. Then s155 € S because otherwise
5189 € P which implies s; € P or s € P, a contradiction. O
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Theorem 26. Let R be a commutative ring, let I be an ideal of R, and let S be a multiplicatively
closed subset of R. Assume that INS = (. Let

U ={J:Jis an ideal of R such that I C J and JNS = 0}.

Order ¥ be inclusion. Then U has a mazimal element P, and P is a prime ideal.

Proof. We will use Zorn’s Lemma applied to W. The set ¥ is non-empty because I € W. Let Y be
a totally ordered subset of ¥; we must show that Y has an upper bound in ¥. Let B be the union
of all the elements in Y. Since Y is totally ordered, B is an ideal of R (see the proof of Proposition
17). Also, it is clear that I C B and BN S = (). Hence, B is contained in ¥. Thus B is an upper
bound for Y in W. By Zorn’s Lemma, ¥ contains a maximal element P. Next, we prove that P is
a prime ideal. Let a,b € R, and assume that ab € P. Assume further that a ¢ P and b ¢ P; we

will obtain a contradiction. Consider the ideal P + (a). We have
ICPSP+(a).

By the maximality of P in ¥ we cannot have P + (a) € ¥; therefore, (P + (a)) NS = (. This
implies that there exist x € P, r € R, and s € S such that

s=x+ra.
Similarly, there exist 2’ € P, 7’ € R, and s’ € S such that
s'=a +1'b.
Now
ss' = (z +ra)(2’ +r'b) = 22’ + 2r'b + rax’ + rr'ab.

Since z,2’ € P and ab € P we have zz’ + xr'b + raz’ + rr’ab € P. Hence, ss’ € SN P. This
contradicts S N P = (), and completes the proof. O

Proposition 27. Let R be a commutative ring and let I be an ideal of R. let
Var(I) = {P :€ Spec(R) : I C P} (the variety of I).

Then
Vi= () P

PeVar(I)

Proof. Let a € v/I. There exists n € N such that a” € I. Let P € Var(I). Since I C P, we have
a™ € P. Since a is prime, a € P. It follows that v/I C ﬂPeVar(I) P. Conversely, let a € ﬂPEVar(I) P.
Assume that a ¢ +/T; we will obtain a contradiction. Let S = {a" : n € Ny}. Since a ¢ /I we have
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SN I =10{. By Theorem 26, there exists a prime ideal @ such that I C Q and Q@ NS = (). We have
Q@ € Var(I). By assumption, a € ﬂPeVar(I) P: hence, a € Q. This contradicts Q NS = 0. O

With the notation of Proposition 27, we recall that /T is called the radical of I. Tt is also

sometimes written as Rad (7).

Corollary 28. Let R be a commutative ring. We have

Vo= () P

PeSpec(R)
Proof. This follows immediately from Proposition 27. O

With the notation of Corollary 28, /0 is the ideal of all nilpotent elements of R, i.e., v/0 is the
ideal of all x € R for which there exists n € N such that " = 0.

Theorem 29. Let R be a commutative ring, and let I be a proper ideal of R, i.e., 1 ; R. Then
Var(I) contains a minimal element with respect to inclusion, i.e., there exists P € Var(I) such that
if P' € Var(I) is such that I C P C P, then P’ = P.

Proof. By Proposition 17 there exists a maximal ideal M such that I C M. It follows that Var(I)
is non-empty (because any maximal ideal is a prime ideal by Lemma 20). We define a partial order
< on Var(I) by P, < P, if and only if P, C P;. Let Y be a totally ordered subset of Var(I). Let Q
be the intersection of all the elements of Y. We claim that @ € Var([). Since @ is the intersection
of ideals ) is an ideal of R. It is clear that I C ). Also, Q) is a proper ideal of R because () is the
intersection of proper ideals. To complete the argument that @@ € Var(I) we need to prove that R
is prime. Let a,b € R be such that ab € Q). Assume that a ¢ @Q; we will prove that b € Q. Let
P €Y to prove that b € @ we need to prove that b € P. Since a ¢ @, there exists P; € Y such
that a ¢ P,. Now ab € @ C Py. Since P, is prime, we have a € Py or b € Py; as a ¢ P;, we obtain
b € P;. Recalling that Y is totally ordered, we have either P, C P or P C P;. If P, C P, then
be PL C P,ie,be P. Assume P C P;. Thenabe Q C P C P;,sothat a € Porbe P. If
a € P, then a € Py, a contradiction. Hence, b € P. We have proven that b € P for all P € Y. This
implies that b € ). Hence, @ is a prime ideal. Thus, Q € Var([). Clearly, @ is an upper bound
for Y. We may now apply Zorn’s Lemma to conclude that Var(I) has a maximal element P. By
the maximality of P, if P’ € Var([) is such that I C P’ C P, then P = P’. This completes the
proof. O

Let R be a commutative ring, and let I be a proper ideal of R. If P is as in the statement of
Theorem 29 then we say that P is a minimal prime ideal of I, or a minimal prime ideal
containing I. If R # 0, so that 0 is a prime ideal of R, then we refer to a minimal prime ideal of

0 as a minimal prime ideal.
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Corollary 30. Let R be a commutative ring, and let I be a proper ideal of R. Then

Vi= (] P

Pemin(I)
where min(I) is the set of all minimal prime ideals of P.

Proof. By Proposition 27 we have

Vi= () P

PeVar(I)
Since min(I) C Var(I), we have
N re e
PeVar(I) Pemin(I)

Let © € Npemin(nyP- We claim that € Npeyar)P- Let P € Var(I). By an exercise there exists
a minimal prime ideal P’ of I such that I € P’ C P. Since & € Npemin(r)P we have z € P'. As
P' C P we get x € P. It follows that 2 € Npeyar(r) P so that

This completes the proof. ]

Lemma 31. Let R be a commutative ring, and let P be a prime ideal of R. Let I,..., I, be ideals
of R. Then the following are equivalent:
(i) For some j € {1,...,n} we have I; C P.
(i) (W, 1  P.
(iii) T[;—, Ii € P.
Moreover, if P = (. I;, then P = I; for some j € {1,...,n}.

Proof. (i) == (ii) This follows from ()_, I; C I; for j € {1,...,n}.

(ii) = (iil) This follows from [[;_, I; C (=, L

(iii) => (i) Assume that []"_; I; C P. Suppose that I; ¢ P for all j € {1,...,n}; we will obtain a
contradiction. For each j € {1,...,n} there exists a; € I; such that a; ¢ P. Now

n
al---anEHIigP.
i=1

Since P is prime we have a; for some j € {1,...,n}. This is a contradiction.
To prove the final statement, assume that P = (", I;. Since (ii) = (i), we have I; C P for some
jeA{1,...,n}. Also, since P = (), I; we have P C I;. Hence, P = I;. O

Let R be a commutative ring, and let I and J be ideals of R. We say that I and J are comaxzimal
iftI'+J=R.
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Lemma 32. Let R be a commutative ring, and let I and J be comaximal ideals of R. Then
InJ=1J.

Proof. Since IJ C I and IJ C J we have IJ C INJ. Next, let € INJ. Since I +J = R, there exist
a €1l and b e Jsuchthat a+b=1. Hence, xt =xa+ab=ax+2b. Nowa e l,andzelInNJ CJ
so that axz € I1J.; similarly, x € INJ C I and b € J, so that b € IJ. Therefore, v = xa+xb € IJ.
It follows that INJ C IJ. ]

Lemma 33. Let R be a commutative ring, and let I+, ..., I, be pairwise comaximal ideals of R.
Assume that n > 2. Then

(i) LN---N1,—1 and I, are comazimal.

(i) LO---NL, =11 L.
Proof. (i) Let J = ﬂ?z_llli. Assume that J and I,, are not comaximal; we will obtain a contradiction.
Since J and I, are not comaximal we have J + I, ; R. By Proposition 17 there exists a maximal
ideal M such that J+1I, € M & R. By Lemma 20 M is a prime ideal of R. Now J = Nl € M;
by Lemma 31 we have I; C M for some j € {1,...,n—1}. Since I; and I,, are comaximal we have
R=1;+1, ButI; C M and I, C M; hence, R = M. This contradicts that M is proper.
(ii) We prove this by induction on n. The case n = 2 is Lemma 32. Assume that the n > 3 and

that the claim holds for n — 1. By the induction hypothesis,

By (i), the ideals J and I,, are comaximal so that J NI, = JI,, by Lemma 32. Hence,

JI,=JNI,
n n
7=z
i=1 i=1
This completes the proof. O

Let R be a commutative ring, and let I be an ideal of R. Let x,y € R. We will write

x =y (mod I)
to mean that
c+I=y+1
or equivalently, x —y € I.
Theorem 34 (Chinese Remainder Theorem). Let R be a commutative ring, and let Iy, . .., I, with
n > 2, be pairwise comaximal ideals of R. If x1,...,x, € R, then there exists x € R such that

x = x; (mod I;)
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forie{l,...,n}.

Proof. We first prove this when n = 2. Since I7 and Is are comaximal we have I; + Is = R. Hence,

there exist a; € I1 and a9 € Is such that a1 + a9 = 1. Set © = z9a1 + z1a2. Then

x = x9a1 + z1a2 (mod I;)
= r1a9 (mod I4) (because xzqa1 € I7)
=2z1(1 —a1) (mod I;) (recall that a3 + ag = 1)

=1 — z1a1 (mod Ih)

x1 (mod Iy) (because z1a1 € I1).

Similarly, * = z9 (mod I3). This proves the n = 2 case. Now we prove the general case. Let
i €{1,...,n}. Let J; be the intersection of all the ideals I, ..., I, except I;. By Lemma 33 we

have that I; and J; are comaximal. By the n = 2 case there exists y; € R such that
y; =1 (mod I;) and y; =0 (mod J;).
Since J; C I; for j € {1,...,n} with j # i the fact that y; = 0 (mod J;) implies that
y; =0 (mod I;) for j#1.

Define
T =21Y1 + -+ TpYn.
Let : € {1,...,n}. Then
T=xY1+ -+ TpYn (mOd Ii)
= z;y; (mod I;) (because y; = 0 (mod I;) for j # i)
=z; (mod I;) (because y; = 1 (mod [;)).

This completes the proof. ]
Lemma 35. Let R be a commutative ring, and let Iy, ..., I, be ideals of R with n > 2. Define
f:R— R/I; x---x R/I,
by
fry=@+5L,....,7r+ 1)

forr € R. Then f is a homomorphism of rings and

n

ker(f) = (1) L.

=1
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Moreover, f is surjective if and only if I, ..., I, are pairwise comazximal.

Proof. Tt is straightforward to verify that f is a ring homomorphism. Let r € R. Then

f(r)=0 < r+L=1; for ie{l,...,n}

< rel; for 1€{l,...,n}
n
— re ﬂ I;.
i=1
Assume that f is surjective. Let 4,7 € {1,...,n} with i # j. Since f is surjective, there exists
r € R such that
f(r):(O, ,0, 1+1; ,0,...,0):(Ii...,Ii_1, 1+ 1; ,Ii+1,...,ln).
SN—— S——
i-th position i-th position

this means, in particular, that r + I; = 1 + I;. Hence, there exists x € I; such that r = 1+ x. Also,
we have r+I; = I;, so that r € I;. We now have 1 = r —x € I; +I;. This implies that R = I; + I},

so that I; and I; are comaximal. Finally, assume that Iy,..., I, are pairwise comaximal. Then f
is surjective by the Chinese Remainder Theorem. ]
Corollary 36. Let the notation be as in Lemma 35. Assume that I, ..., I, are pairwise comazimal.

Then there is an isomorphism
R/(I---I,)=R/(ILn---NIL,) ~ R/} x--- x R/,

defined by r+ (LNn---NIy)— (r+I,...,r+ 1) forr € R.

Proof. This follows from Lemma 35 and Theorem 10. O
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4 Primary decomposition

Consider the ring R = Z. If I is a non-zero proper ideal of Z then I = (n) for some n € Z such that

n # 0 and n # £1. We may assume that n is positive. Factor n as a product of powers of primes:
n:pil pft

Then
(n) = (p7*) -+ (™).

Also, since (p;’) and (pjj ) are comaximal for i # j, we can write this as

(n) = (py") NN (p™).

This is an example of what is called a primary decomposition. We will try to do something similar
for every Noetherian ring. That is, we will try to write every ideal as an intersection of certain
special ideals (analogous to the (pS*)), with each of these special ideals being associated to a prime
ideal. We begin by defining what will turn out to be the special ideals.
Let R be a commutative ring. Let () be an ideal of R. We say that Q is primary ideal of R if
(i) Q is a proper ideal of R, i.e., Q & R.
(ii)) If a,b € R, ab € Q, and a ¢ @, then there exists n € N such that 0" € Q.
Condition (ii) of this definition is equivalent to the following: if a,b € R and ab € @, then a € Q

or b e +/Q.

Example. Clearly, any prime ideal is a primary ideal.

Lemma 37. Let R be a commutative ring, and let Q be a primary ideal of R. Define P = /Q,
the radical of Q. Then P is a prime ideal of R that contains Q. Moreover, if P’ is another prime
ideal such that Q C P’, then P C P'.

Proof. First we prove that P is proper. Since @ is proper we have 1 ¢ @Q. It follows that 1 ¢ /Q =
P; hence, P is proper. Now suppose that a,b € R are such that ab € P = /Q. We need to prove
that a € P or b € P. Assume that a ¢ P; we will prove that b € P. Now since ab € P = 1/Q, there
exists n € N such that (ab)" € Q, i.e., a™" € Q. We must have a" ¢ Q; otherwise, a € v/Q = P.
Since @ is primary, there exists m € N such that (b")™ € @Q. This means that b € \/Q = P. It
follows that P is prime. Next, assume that P’ is a prime ideal such that Q C P’. We need to prove
that P C P’. Taking radicals, we have

P=,QCVP =P.

Here, vV P’ = P’ by a homework exercise. This completes the proof. O

With the notation of Lemma 37, it is clear that P is a minimal prime ideal of @), and in fact is

the unique minimal prime ideal of . (For suppose P’ is another minimal ideal of ). Then by
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Lemma 37 we have P C P’. By the minimality of P’ we obtain P’ = P.) In other words, primary
ideals have unique minimal prime ideals.
Let R be a commutative ring, and let () be an ideal of R. In what follows, when we say that @ is

P-primary we will mean that ) is primary, P is a prime ideal, and \/Q = P.

Lemma 38. Let R be a commutative ring, and let I be an ideal of R. Then I is primary if and

only if R/I is not trivial and every zero divisor of R/I is nilpotent.

Proof. Assume that I is primary. Then I is proper ideal of R. This implies that R/I # 0, i.e., R/I
is non-trivial. Next, let b € R be such that b+ I is a zero divisor of R/I. Then there exists a € R
such that a + I # I and (a + I)(b+ I) = I. This implies that ab+ I = I, i.e., ab € I. Now a ¢ I;
since @ is primary there exists n € N such that o™ € Q. This implies that (b+ I)" =b"+ 1 = I,
i.e., b+ I is nilpotent.

Now assume that R/I is non-trivial and every zero divisor of R/I is nilpotent. As R/I is non-
trivial, I is a proper ideal of R. Let a,b € R with ab € [ and a ¢ I. Then (a+ I)(b+ 1) =1
with a + I # I. It follows that b+ I is a zero divisor in R/I. Hence, there exists n € N such that
(b4 I)™ = I. This implies that b™ € I. Hence, I is primary. O

Proposition 39. Let R be a commutative ring, and let Q be an ideal of R. Let M = \/Q. If M

is maximal, then Q is M -primary.

Proof. Assume that M is maximal. We have Q C \/Q = M S R. This implies that @ is proper.
Let a,b € R be such that ab € @Q and a ¢ Q; we need to prove that b € @ for some n € N. Assume
that this does not hold; we will obtain a contradiction. By our assumption b ¢ /Q = M. Since M
is maximal, it follows that M + (b) = R. Since (b) C \/(b), this implies that

VQ+ V() =R

By a previous homework exercise (in general, vI ++/J = (1) = I+ J = (1)), we get that
Q@ + (b) = R. Hence, there exists x € @ and r € R such that 1 = = + rb. Therefore,

a=ax+arb=axr+rabe Q

because x,ab € (). This contradicts a ¢ Q. It follows that @ is M-primary. ]

Corollary 40. Let R be a commutative ring, and let M be a mazimal ideal of R. For everyn € N

the ideal M™ is M -primary.

Proof. Let n € N. Then by previous homework exercise we have vV M™ = M (this holds for any
prime ideal). The proposition implies that M™ is M-primary. O

Let R be a commutative ring. Then we have the following picture:
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Rad

all ideals — all ideals
@) U
primary ideals —» prime ideals
U U

Rad™!(maximal ideals) —» maximal ideals.

Example. Let R be a PID. Then the primary ideals of R are
0, (»") = (p)", n € N, p an irreducible element.

Proof. The ideal 0 is primary because 0 is prime (recall that R is an integral domain). Let p € R be
irreducible, and let n € N. By Lemma 22 the ideal (p) is prime and also maximal. By Corollary 40,
the ideals (p)™ = (p") are primary for n € N. Conversely, suppose that @ is a primary ideal of
R. Let r € R be such that @Q = (r). Since R is a UFD by Theorem 25, there exists irreducibles
D1, --.,Pn in R such that

T=p1DPn-

We then have
Q= (r)=(p1) - (pn)

By Lemma 22 the ideals (p1),...,(p,) are prime and maximal. Let i € {1,...,n}. We claim that
(pi) is the unique minimal prime ideal of ). We have Q C (p;). Assume that P is a prime ideal
such that Q@ C P C (p;). Since R is a PID, P is also maximal. Hence, P = (p;). It follows that (p;)

is a minimal prime ideal of (), and is hence the unique prime ideal of Q as Q) is primary. Hence,

(p1) =--=(pn)

so that
Q= (p1)" = (p)
This completes the proof. O

Lemma 41. Let R be a commutative ring and let r1,...,r € R. Then for n € N we have

(Tl,...

Proof. Clearly, ri, -1, € (r1,..

(ril

Conversely, let r € (r,...,m)"

7Tt)n = (Til“’rin,l Sily"')in St)

rg)" for 1 <iq,...,i, <t. Hence
i1 <dg, i St) - (Tl,...,Tt)n.

. Then r is a sum of elements of the form

(a11r1 + -4 ayre) - (a1 + -+ apety)
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and is hence a sum of elements of the form
aril e Tin
fora € Rand 1 <iy,...,i, <t. It follows that r € (rj; ---75,,1 <i1,...,4, < t). Hence

(rl,...,rt)" Q (7“1'1---7‘1'”,,1 Sil,...,in St)

O]

Example. Let K be a field and let R = K[X,Y], where X and Y are indeterminates. Let
M = (X,Y) and Q = (X,Y?). Then M is a maximal ideal, Q is a primary ideal, and /Q = M.

However, @ is not a power of a prime ideal.

Proof. The ideal M is maximal because R/M = K[X,Y]/(X,Y) = K is an integral domain. Now
M? = (X2, XY,YHCQ=(X,Y’)CM=(X,Y).
Taking radicals, we obtain
M=VM?2 = /(X2 XY,Y?) C/Q=V(X,Y?) C M =VM = /(XY).

It follows that

VQ =M.

Because M is maximal Proposition 39 now implies that @) is primary. Finally, we claim that @ is
not a power of a prime ideal. Assume that Q = P" for some n € N and prime ideal P; we will

obtain a contradiction. Taking radicals of ) = P™ we obtain
M=+/Q=vVPr=P
That is, P = M. Hence, () = M™. This means that
(X, Y% = (X" X" 1y,... Xyl ym),
Since X is contained in this ideal there exist g, ..., g0 € R such that
X =g X"+ g1 X" W+ XY 4 goY™

Substituting Y = 0, we obtain
X =gn(X,0) X"
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so that taking degrees yields
1 = deg(X) = deg(gn(X,0)) + n.
This implies that n = 1. We now have
Q=(X,Y?)=M=(X,Y).
This implies that Y € (X, Y?). Hence, there exist g, h € R such that
Y =gX +hY?.

Substituting X = 0 gives
Y = h(0,Y)Y2

Taking degrees, we get
1 =deg(h(0,Y)) + 2.

This is a contradiction because deg(h(0,Y")) is a non-negative integer.

Example. Let K be a field and let X,Y, Z be indeterminates. Let
R=K[X,Y, Z]/I, I=(XZ-Y?.

Also, let

r=X+1, y=Y +1, z=7Z+1.

Let
P =(z,y).

This is an ideal of R. Then P is a prime ideal but P? is not primary.

Proof. To prove that P is a prime ideal of R we first consider the ideal P’ of K[X,Y, Z| generated
by X and Y, so that P’ = (X,Y’). We claim that P’ is a prime ideal of K[X,Y, Z]. For this, define

K[Z] — K[X,Y,Z]/P' = K[X,Y, Z]/(X,Y)

by f — f+ P'. We leave it to the reader to check that this map is a ring isomorphism. Since K[Z]
is an integral domain, so is K[X,Y, Z]/P’. This implies that P’ is a prime ideal of K[X,Y, Z].
Turning to P, we note that I C P’. Since P’ is prime, P = P’/ is a prime ideal of K[X,Y, Z]/I

(see Lemma 19). Next, we prove that P? is not a primary ideal of R. In R we have

zz =y? € P? = (2%, 2y, ¢%).
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We claim that = ¢ P? and z ¢ VP2 = P. For suppose = € P2. Then

r = azx® + bay + cy?
for some a, b, c € R. Recalling the definitions of x and y, this implies that

X =AX*+BXY +CY?+ D(XZ - Y?)

for some A, B,C,D € K[X,Y,Z]. Taking Y = Z = 0, we get

X = A(X,0,0) X2
This is a contradiction. Next, suppose that z € P. Then

z=ax+ by
for some a,b € R. This implies that
Z=AX+BY +C(XZ-Y?

for some A, B,C € K[X,Y,Z]. Taking X =Y =0, we get that Z = 0, a contradiction. We have

proven that P? is not primary. O

The previous example also shows that if the radical of an ideal is prime, then it need not be the

case that the ideal is primary.

Lemma 42. Let R be a commutative ring, and let P be a prime ideal of R. Let Q1,...,Qy be
P-primary ideals of R. Then (\;—, Q; is also P-primary.

Proof. Let Q" = N_;Q;. We need to prove that @’ is P-primary. First of all, we have Q" C Q1 & R;
hence, @’ is a proper ideal of R. Next, let a,b € R be such that ab € Q' and a ¢ Q’; we need
to prove that there exists n € N such that b" € Q', i.e., b € \/Q'. Since a ¢ @Q’, there exists
i € {1,...,n} such that a ¢ Q;. Now as ab € Q' and Q' C Q;, we have ab € Q;. Since Q; is
P-primary, it follows that b € \/@Q;. Moreover,

be JQi=P=Pn--NP=y/01N-N0On=1/010--N0Qp = /.

Here, the fourth equality follows by a previous homework exercise. This completes the proof. [J

Let R be a commutative ring, and let I be a proper ideal of R. A primary decomposition of I

is a finite sequence of primary ideals of R such that

I=QiN--NQn.
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If I admits a primary decomposition then we say that I is a decomposable ideal of R. Let

Q1,...,Qy be a primary decomposition of I. By Lemma 37 the ideals

VQi =P, ,\/Q,=P,

are prime ideals of R, i.e., each Q; is a P;-primary for ¢ = 1,...,n. We will say that Q1,...,Qy is

a minimal primary decomposition of I if

I=0Qin---NQn

and
(i) Pi,..., P, are pairwise unequal.

(ii) For j=1,...,n,

n
@i ¢ Q;
i=1
i#]
Lemma 43. Let R be a commutative ring, and let I be a decomposable ideal of R. Then I admits

a minimal primary decomposition.

Proof. Let Q1,...,Q, be a primary decomposition of I. We will alter the primary decomposition
Q1,...,Q, to obtain a primary decomposition that is minimal in the following way. First we obtain
a primary decomposition that satisfies (i) of the definition of minimal. Let Py = v/Q1,..., P, =
VQn. Let Py, ..., P, be a sublist of Py,..., P, such that P,,,...,P,, are pairwise unequal and
every member of P, ..., P, is in the list P,,,..., P,,. Fori=1,...,t, let Q) be the intersection of
the members Q; of Q1,...,Qy, such that \/Q; = P,,. Then I = Q}N---NQ} and by Lemma 37 the
ideals @1, ...,Q} are primary. Thus, Q,...,Q} is a primary decomposition of I, and we see that
this list satifies (i) of the definition of minimal. Now we will alter Qf,...,Q} by deleting some of
the @) to obtain a primary decomposition of I that satisfies (ii) of the definition of minimal (note
that deleting does not change that the list satisfies (i)). We proceed as follows. Consider Q). If
Mize Qi € @1, then
I=QiN-NE=0QyN - NQ;

Therefore, if ﬂfzg Q; C Q}, then Q,...,Q; is a primary decomposition of I. If indeed (), Q; C

|, then we discard @, and continue with the primary decomposition @5, ..., Q}; otherwise, we
keep @, ..., Q). We then proceed to the next element in the list, and so on. The resulting primary
decomposition of I satisfies (i) and (ii) of the definition and is thus minimal. O

Let R be a commutative ring, let I be an ideal of R, and let a € R. We recall that by definition
({:a)={reR:raecl}.

The set (I : a) is an ideal of R. Evidently, we also have I C (I : a).
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Lemma 44. Let R be a commutative ring, and let Q be a P-primary ideal of R. Let a € R. Then
(i) If a € Q, then (Q : a) = R.
(i) If a ¢ Q, then (Q : a) is P-primary and hence \/(Q : a) = P.

(iii) If a ¢ P, then (Q :a) = Q.

Proof. (i) Assume that a € Q. We need to prove that 1 € (Q : a). Since a € @, we have 1 -a € Q;
hence, 1 € (Q : a), so that (Q : a) = R.

(ii) Assume that a ¢ Q. We first will prove that (Q : a) C P. Let r € (Q : a). Then ra € Q). Since
Q is primary and a ¢ @ we must have r € 1/QQ = P. This proves that (Q : a) C P. Next, we prove
that m = P. We have the following inclusions

QRC(Q:a)CP.

Taking radicals, we obtain
P=y/QC+\(Q:a)CVP=P

Here, VP = P by a previous homework exercise. It follows that all of these ideals are equal; in
particular, \/W = P. Finally, we prove that (@ : a) is primary. Assume that ¢,d € R are
such that cd € (Q : a) but d ¢ m = P; we need to prove that ¢ € (Q : a). Now acd € Q.
Therefore, ac € Q or d € /Q = P. But d ¢ P; hence, ac € Q. This means that ¢ € (Q : a).

(iii) Assume that a ¢ P. We already have @ C (Q : a). Let b € (Q : a). Then ba € Q. Since Q is
primary we have b € Q or a € \/Q = P. As a ¢ P we must have b € Q. Thus, (Q : a) C Q and we
conclude that (Q : a) = Q. O

Lemma 45. Let R be a commutative ring, and let I be a decomposable ideal of R. Let

I=Q1N---NQp with\/Q; =PF; fori=1,...,n

be a minimal primary decomposition of I. Let P be a prime ideal of R. Then the following are
equivalent:

(i) P = P; for some i € {1,...,n}.

(i) There exists a € R such that (I : a) is P-primary.
(i7i) There exists a € R such that \/(I : a) = P.

Proof. (i) = (ii) Assume that P = P; for some ¢ € {1,...,n}. Since Q1,...,Qy is a minimal

primary decomposition of I we have

n
Q¢ Qi
=1

J.i .
J#i
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Hence, there exists a € ()j=; Q; such that a ¢ Q;. Now
J#i

(I:a)= mQj:a

(I:a)=(Q;:a).

Now by Lemma 44 the ideal (Q : a;) is P; = P-primary. Hence, (I : a) is P-primary.

(ii) = (iii) This is clear.

(iii) = (i) Assume that there exists a € R such that /(I : a) = P. We first note that a ¢ T
(otherwise, (I : a) = R, so that P = /(I : a) = R, contradicting P S R). Since a ¢ I, there exists
at least one ¢ € {1,...,n} such that a ¢ Q;. Now

u:a):(ﬁ@:a)
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n

By Lemma 31 we have P = P; for some i € {1,...,n}. O

Theorem 46 (First Uniqueness Theorem for Primary Decomposition). let R be a commutative

ring, and let I be a decomposable ideal of R. Let

I=QiN--NQn with \/Qi =P, ic{l,....n}

and
I=Q'\N---NQ,, with \/Q, =P/, ie{l,...,n'}

be two minimal primary decompositions of I. Then
{P,....,P,}={P,...,P.,}.

In particular, n = n’.

Proof. By Lemma 45 we have

{P1,...,P,} = {P € Spec(R) : there exists a € R such that \/(I : a) = P}

and
{P{,...,P.,} = {P € Spec(R) : there exists a € R such that \/(I : a) = P}.

Hence, {P1,...,P,} ={P},...,P),}. O
Let R be a commutative ring, and I be a decomposable ideal of R. Let

I=0Q:1N---NEQ, with \/Qi:H,iE{l,...,n}

be minimal primary decomposition of I. By Theorem 46 P4, ..., P, are uniquely determined. We

refer to Pi,..., P, as the associated prime ideals of I and write
assp(l) ={P1,...,P.}.

Proposition 47. Let R be a commutative ring, and let I be a decomposable ideal of R. Let
P € Spec(R). Then P is a minimal prime ideal of I if and only if P € assg(I) and P is minimal

as a member of assp(I).
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Proof. We begin with some notation. Let

I'=0Qin---NQn

be a minimal primary decomposition of I. Let

Plz\/@7 ceey Pn:\/@

so that
assp(l) ={P1,..., P}

We also note that

ICVI=/Qin --NQn=+/QiN---N/Qu=PN---NP,.

Here we used the general rule /J1; N Jy = +/J1 N +/Jy which was a previous homework exercise. It
follows that I C P; for i € {1,...,n}.
(=) Now assume that P is a minimal prime ideal of I. We have I C P. Hence,

@QiN---NQy CP.
By Lemma 31 there exists j € {1,...,n} such that Q; C P;. Taking radicals, we have:

V@Q; c VP
P;CP.

Here, VP = P by a previous homework exercise. Now I C P; C P. Since P is a minimal prime
ideal of I we must have P = P;. Hence, P € assp(l). We still need to prove that P is minimal as
a member of assp([). Suppose that P; € assg([) is such that P, C P. Then I C P, C P. As Pisa
minimal prime ideal of I we obtain P = P;, so that P is minimal as a member of assg(I).

(«<=) Assume that P € assg([]) and that P is minimal as a member of assg(/). We need to prove
that P is a minimal prime ideal of I. Assume that P’ is another prime ideal of I, i.e., P’ is a prime
ideal containing I, and I C P’ C P. By a previous homework exercise there exists a minimal prime
ideal P” of I such that P” C P’. Arguing as in the last paragraph, there exists j € {1,...,n} such
that P; C P”. We now have P; C P” C P’ C P. Since Pj, P € assg(I) and P is minimal as a
member of assr(I), we must have P; = P. Hence also P’ = P; this proves that P is a minimal

prime ideal of R. 0

Corollary 48. Let R be a commutative ring, and let I be a decomposable ideal of R. Then I has

finitely many minimal prime ideals.

Proof. By Proposition 47 every minimal prime ideal of I is contained in assp([) which is a finite
set. O
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Let R be a commutative ring, and let I be a decomposable ideal of R. We refer to the elements of
assp([) that are minimal as members of assg(I) as the minimal primes or isolated primes of
I. The elements of assp(/) that are not minimal are called the embedded primes of I.
Example. Let K be a field and let R = K[X,Y] where X and Y are indeterminates. Let

M=(X,Y), P=(), Q=(X,Y?%, I=(XY,Y?.

Then
I=QNP and I=M?’NP
where
(i) M is maximal so that M? is primary.
(ii) @ is M-primary.
(iii) P is a prime ideal and hence primary.

Moreover, I = QN P and I = M? N P are minimal primary decompositions and assg(I) = {P, M}.

Proof. First we prove that I = QN P and I = M? N P. We have

I=(XY,Y})cP=(),
I=(XY,Y?)C M= (X*XY,Y?)CQ=(X,Y?),

Hence,
ICM?’NPCQNP.

To prove that I = QN P = M? N P it will suffice to prove that Q NP C I. Let f € Q N P. Since

f € P we may write
f=g9Y
for some g € R. Write
g=9go+ta

where g9 € K and every term of g; contains a positive power or X or a positive power of Y. We

claim that go = 0. Assume that gy # 0; we will obtain a contradiction. Then

QY =f—qY
Y =g, f—g5'qY
ce@QnNP)+1
cNP
caQ.
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That is, Y € ). Hence, for some a,b € R we have
Y =aX +bY?

Taking X = 0, we find that Y = b(0,Y)Y?2, which is a contradiction. Since gy = 0, we get
f=g1Y € I. We have proven that

I=M*NnP=QnP.

The properties (i), (ii), and (iii) were proven in other examples. It is clear that I = M2 N P and
I = QNP are primary decompositions. Now VM2 = M and VP = P, and v/Q = M and VP = P.
Since M # P, these primary decompositions satisfy (i) of the definition of a minimal primary

decomposition. It is also clear that
M*¢pP, P¢M: Q¢P PZQ.

Hence, I = M?>N P and I = @ N P are minimal primary decompositions Finally, assr(I) =
{M, P}. O

Theorem 49 (Second Uniqueness Theorem for Primary Decomposition). Let R be a commutative
ring, and let I be a decomposable ideal of R. Let assgp(I) = {P1,...,P,}. Let

I=0Q1N---NQ, with +/Q; =P, iE{l,...,n}

and
I=Q1Nn---NQ, with /Q,=PF, ie{l,...,n}
be minimal primary decompositions of I. If i € {1,...,n} and P; is a minimal prime ideal of I,
then
Qi = Q;.
Proof. We may assume that n > 1. Let ¢ € {1,...,n} and assume that P; is a minimal prime ideal
of R. Then

(P &P
j=1
J#i
(Otherwise (j=1 P; C P; and hence by Lemma 31 we have P; C P; for some j € {1,...,n} with
i
Jj # i, contradicting the minimality of P;.) Hence, there exists a € R such that
a€ ﬂP] and a ¢ P,

Jj=1
JFi

40



Math 557 lecture notes (University of Idaho, Fall 2022) Brooks Roberts

Let j € {1,...,n}, j #1i. Since a € P; = \/Q>j, there exists m; € N such that ™ € Q;. Let
m =max(Mmi,...,Mi—1,Mit1,-..,My).

Let t > m. Since P; is prime and a ¢ P; we also have a' ¢ P;. Now

n

(I:d)=([)Q):a)

j=1
= (Qi:a") N )(Q;:a")
=
=@QiN ﬂ R (Lemma 44)
=
= Qi

Similarly, there exists m’ € N such that if ¢ > m’, then
(I:ad")=Q).

Taking ¢ > max(m,m’), we get
Qi=(I:a")=Q;
This completes the proof. O

Let R be a commutative ring. Let I be an ideal of R. We say that [ is ¢rreducible if
(i) I is proper, ie., I S R.
(ii) If I; and I are ideals of R such that I = I) NIy, then I =1 or I = Is.

Proposition 50. Let R be a commutative ring. If R is Noetherian, then every proper ideal of R

18 the intersection of finitely many irreducible ideals.

Proof. Assume that R is Noetherian. Let X be the set of all proper ideals of R that are not the
intersection of finitely many irreducible ideals of R. We need to prove that X is empty. Assume
that X is non-empty; we will obtain a contradiction. Since R is Noetherian X has a maximal
element /. The ideal I is not irreducible (otherwise I = I NI so that I ¢ X). Since I is not
irreducible, there exist ideals Iy and I of R such that I = I1 NI and

I;Il and I;IQ.

The ideals I and I are proper (otherwise, if I; = R for example, then I = RNIy = I3, contradicting
I'G Ib). Since I G I and I G Ip the maximality of I implies that Iy ¢ X and I ¢ X. Since
I ¢ X and I» ¢ X the ideals I; and Is can be written as intersections of irreducible ideals. This

implies that I is the intersection of irreducible ideals, a contradiction. O
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Proposition 51. Let R be a commutative ring. Assume that R is Noetherian. If I is an irreducible

ideal of R, then I is primary.

Proof. Let I be an irreducible ideal of R. Then I & R. Let a,b € R be such that ab € I and a ¢ I.
We need to prove that b € v/I. Consider the sequence of ideals

(I:0)C(T:)CT:b*)C---

Since R is Noetherian, there exists n € N such that (I : b™) = (I : b"™) for m > n. Using this, we
will prove that
I=(I+ Ra)n(I+ Rb").

Clearly, I C (I + Ra) N (I + Rb™). Let r € (I + Ra) N (I + Rb™). Then
r =1+ ra=x+reb"
for some x1,22 € I and 71,72 € R. Solving for r2b™ we have
rob” = 1 + r1a — x2.

Multiplying by b we obtain

rob™ ™ = 21b + riab — x9b.

Since x1,29 € I and ab € I, it follows that rob"*! € I. This means that ro € (I : 6"T1) = (I : b").
Since 19 € (I : b™) we have

r=x9+reb" € 1.

This proves the equality
I=(I+ Ra)n(I+ RV").

Since [ is irreducible we now have
I=1+Ra or I=1+ Rb"

We cannot have I = I + Ra (otherwise a € I). Therefore, I = I + Rb™, which implies that
bnel. O

Theorem 52. Let R be a commutative ring. If R is Noetherian, then every proper ideal of R is

decomposable, i.e., has a primary decomposition.

Proof. This follows immediately from Proposition 50 and Proposition 51. 0
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5 Rings of fractions

Let R be a commutative ring. We will now consider a method for constructing a new ring from R
by “inverting” some of the elements of F'. The main application of this will be to simplify situations
involving prime ideals via a technique called “localization”.
Let R be a commutative ring. Let .S be a subset of R. We recall that .S is said to be multiplicatively
closed if

(i) 1€ S.

(ii) If s1,82 € S, then s1s9 € S.
The following is a very important example of a multiplicatively closed set.
Example. Let R be a commutative ring, and let P be a prime ideal of R. Let S = R— P (= R\ P).
Then S is a multiplicatively closed subset of R.

Proof. Clearly, 1 € S (otherwise, 1 € P so that P = R, a contradiction). Let s1,s9 € S. Then
s189 € S (otherwise s1s9 € P so that s; € P or s € P, a contradiction). ]

Lemma 53. Let R be a commutative ring, and let S be a multiplicatively closed subset of R. Define

a relation ~ on R x S by declaring
(a,s) ~ (b,t) if and only if there exists uw € S such that u(at — bs) = 0.

Then ~ is an equivalence relation.

Proof. We need to prove that ~ is reflexive, symmetric, and transitive.

~ is reflexive. Let (a,s) € R x S. We need to prove that (a,s) ~ (a,s). Now 1(as —as) = 0, which
means that (a,s) ~ (a, s).

~ is symmetric. Let (a,s),(b,t) € R x S, and assume that (a,s) ~ (b,t); we need to prove that
(b,t) ~ (a,s). Since (a, s) ~ (b, 1), there exists u € S such that u(at—bs) = 0. Hence, u(bs—at) = 0.
This implies that (b,t) ~ (a, s).

~ is transitive. Let (a1,s1), (a2, s2),(as,s3) € R x S and assume that (a1,s1) ~ (a2,s2) and
(az,s2) ~ (as,s3). We need to prove that (aj,s1) ~ (as,s3). Let u,v € S be such that u(a;sy —

azs1) = 0 and v(agss — aszsz) = 0. Then

ua1sg = uazs,

vagsS3 — vaszsy.
Multiplying the first equation by vs3 and the second equation by us; we obtain:

vs83Ua182 = US3UG2S51,

us1va9s3 = us1vazso.
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This implies that

vs83UA182 = US1Va3S82,

or equivalently,

uvsay(ass — azsy).
Since uvss € S we obtain (ay,s1) ~ (as, $3). O

Proposition 54. Let R be a commutative ring, and let S be a multiplicatively closed subset R.
For (a,s) € R x S we denote the equivalence class determined by (a,s) by a/s or ¢ with respect to

the equivalence relation ~ from Lemma 53. Let ST'R be the set of all equivalence classes of ~ on
STIR. Define
+:S'"/RxST'R—-R, -:S'RxS'R—R

by

a/s+ b/t = (at + bs)/st,
a/s-b/t =ab/st

for a/s,b/t € ST'R. The binary operations + and - are well-defined, and with these binary oper-

ations SR is a commutative ring with additive identity Og-1z = 0/1 and multiplicative identity
lg-1p =1/1.

Proof. We first verify that addition is well-defined. Suppose that a1 /s1,as/s2,b1/t1 = ba/ta € ST'R
with a1/s1 = ag/se and by /t1, be/ta; we need to prove that (ait; + s1b1)/s1t1 = (agta + s2b2)/sato.

Since a1/s1 = az/s, there exists u € S such that
ua1S2 = uaS1 (1)

and v € S such that
vbity = vbaty. (2)

Multiplying (1) by vtity we obtain

vtitoua sg = vt1tauas sy
and multiplying (2) by us;se we get

uS1890t9b1 = us1S9vt1by.
Adding and factoring gives

uvsata(arty + b1s1) = uvsyty(aste + basa)
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or equivalently,
uv(sata(aits + b1s1) — sit1(aztz + bas2)) = 0.

This implies that
(a1t1 + bis1)/sit1 = (asta + basa)/sats

which is the desired result. We leave the remaining checks as an exercise. O

We refer to S™!'R as the ring of fractions of R with respect to S.
What happens if we divide by zero?

Lemma 55. Let R be a commutative ring, and let S be a multiplicatively closed subset of R. If
0 €S, then STIR is the trivial ring.

Proof. Assume that 0 € S. Let a/s € ST'R. Then 1-(a-0—0-s) =0 so that a/s = 0/0. Thus
SR consists of just one element 0/0 and is thus S™!'R is the trivial ring. O]

How is R related to S™1R?

Lemma 56. Let R be a commutative ring, and let S be a multiplicatively closed subset of R. Define
f:R— S7'R

by
fry=r/1, r € R.

Then f is a ring homomorphism and:
(i) If s € S, then f(s) is a unit in S~'R.
(11) If a € ker(f), then there exists s € S such that sa = 0.
(iii) Every element of S™'R is of the form f(a)f(s)~! for some a € R and s € S.

Proof. First we verify that f is a ring homomorphism. We have f(1) =1/1 = 1g-1. Let a,b € R.
Then
fla+b)=(a+b)/1=a/1+b/1= f(a)+ f(b)

and

f(ab) = ab/1 = a/1-b/1 = f(a)f(b).

This proves that f is a ring homomorphism.
(i) Let s € S. Then

f(s)-(1/s)=s/1-1/s=s/s=1/1=1g-1p.

Thus, f(s) is a unit.
(ii) Let a € ker(f). Then 0/1 = f(a) = a/1. This implies that there exists s € S such that sa = 0.
(iii). Let a/s € ST'R. Then

afs=a/l-1/s=aj1-(s/1)"" = f(a)f(s) "
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This completes the proof. O
We refer to the ring homomorphism f : R — S™'R from Lemma 56 as the natural map.

Lemma 57. Let R be an integral domain and let S be a multiplicatively closed subset of R such
that 0 ¢ S. Then the natural map f : R — S™'R is injective.

Proof. Let a € ker(f). Then f(a) = a/1 = 0/1. This implies that there exists u € S such that
u(la-1—0-1) =0, i.e., ua = 0. Since R is an integral domain and 0 ¢ S, we must have a = 0.
Hence, ker(f) = 0, and f is injective. O

Example. Let R be an integral domain, and let S = R — {0}. If a/s,b/t € ST'R, then a/s = b/t
if and only at = bs. In this case ST'R is called the quotient field of R, and by Lemma 57, R is

included in S™'R via the natural map.

Proof. Let a/s,b/t € ST'R and assume that a/s = b/t. Then there exists u € S such that
u(at — bs) = 0. Since R is an integral domain, v = 0 or at — bs = 0; but 0 ¢ S; hence, at = bs. It
is clear that at = bs implies that a/s = b/t. O

Proposition 58 (Universal property of ST'R). Let R be a commutative ring, let S be a multiplica-
tive subset of R, and let f : R — SR be the natural homomorphism. Let R' be a commutative
ring and let g : R — R’ be a ring homomorphism such that g(s) is a unit for s € S. Then there

exists a unique ring homomorphism h : ST'R — R’ such that

R L 1R
/20 VI

R/
commutes, i.e., ho f = g. We have h(a/s) = g(a)g(s)~! for a/s € STIR.

Proof. Define h : ST'R — R’ by h(a/s) = g(a)g(s)~! for a/s € ST'R. We first prove that h
is well-defined. Let aj/s1,a2/s2 € S™'R be such that ai/s; = az/s2; we need to prove that
g(a1)g(s1)~! = g(az)g(s2) L. Since ai/s1 = as/ss there exists u € S such that u(aysy — azsy) = 0.
Applying g, we obtain

9(u)(g(a1)g(s2) — g(az)g(s1)) = 0.

Since g(u) is a unit in R’ we may multiply by g(u)~! € R’ to obtain

gla1)g(s2) —glaz)g(s1) =0

g(a1)g(s2) = g(az)g(s1).

Since g(s1) and g(s2) are units in S, we have
g(an)g(s1) ™" = g(az)g(s2) ",
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This proves that h is well-defined. Next we prove that h is a ring homomorphism. We have
h(lg-1r) = h(1/1) = g(1)g(1) ™" = 1.
Let a1/s1,a2/s2 € ST'R. Then

h(a1/81 + a2/82) h (a132 + a281)/8182)
) 1

a182 + a281) (8182

(
(
(a1)g(s2)g(s1) " g(s2) ™" + glaz)g(s1)g(s1) g(s2) ™"
(
(

a1)g(s1) ™" + g(az)g(s2) "

g
g
g
h(a1/s1) + h(az/s2).

Also,

h(ay/s1 - az/s2) = h(ajaz/s1s2)

araz)g(s1s2)”"
a1)g(az)g(s1) 'g(s2) ™!
a1/s1)h(az/s2).

I
> e 9

(
(
(
(

This completes the proof that A is a ring homomorphism. Next, we prove the diagram commutes.
Let r € R. Then

Thus, h o f = ¢. Finally, we prove that h is unique. Assume that A’ : ST'R — R’ is a ring
homomorphism such that A’ o f = g. Let r € R. Then

(R0 £)(r) = g(r)
K (r/1) = g(r).

Also, let s € S. Then

(s/1) = g(s)
W(s/1)7" =g(s)™
H((s/1)7h) = g(s)™
W(1/s)=g(s)~".
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Hence, if r/s € ST'R we have

W(r/s)=h(r/1-1/s) = (r/1)h'(1)s) = g(r)g(s)~" = h(r/s).
Thus, b/ = h. O

Let R be a commutative ring. We recall that an R-algebra A is a ring A (with identity, but
not necessarily commutative) along with a ring homomorphism f : R — A. The homomorphism
f: R — Ais call the structural ring homomorphism of the R-algebra A. Let A; and Ay be
R-algebras with structural ring homomorphisms f; : R — A; and fy : R — As. A R-algebra

homomorphism h: Ay — As is a ring homomorphism such that the

h(fi(r)a) = fa(r)h(a)

for r € R and x € Ao; also, h is an isomorphism of R-algebras if h is additionally a bijection.
Let R be a commutative ring, and let S be a multiplicatively closed subset of R. We may regard
S™IR as an R-algebra via the structural ring homomorphism given as the natural map f : R —
S~1R. We can characterize S~'R as an R-algebra.

Proposition 59. Let R be a commutative ring, and let S be a multiplicatively closed subset of R.
Let R’ be a commutative R-algebra with structural ring homomorphism g : R — R’ such that
(i) For all s € S, g(s) is a unit in R'.
(ii) If a € ker(g), then there exists s € S such that sa = 0.
(iii) Every element of R’ can be written in the form g(a)g(s)™! for some a € R and s € S.
Then there exists a unique isomorphism of R algebras h: ST'R — R'.

Proof. Since (i) holds, by Proposition 58 there exists a unique ring homomorphism h : S~'R — R’

such that

rR L sR

g
R/

commutes, i.e., ho f = g. We also recall that & is given by h(a/s) = g(a)g(s)~! for a/s € S7'R.
We claim that & is an isomorphism of R algebras. We already know that A is a ring homomorphism.
Let r € R and a/s € ST'R. Then
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This proves that h is a homomorphism of R-algebras. It remains to prove that h is injective and

surjective. To prove that h is injective it suffices to prove that ker(h) = 0. Let a/s € ker(h). Then

h(a/s) = g(a)g(s)™
0= g(a)g(s)™*
0=g(a).

Since g(a) = 0, by (ii) there exists ¢ € S such that ta = 0. Now a/s = ta/ts = 0/ts = 0. It follows
that ker(h) = 0. To prove that h is surjective, let € R’. By (iii), there exist « € R and s € S
such that g(a)g(s)~! = z. Now

h(a/s) = g(a)g(s) ™ = .

This proves that h is surjective. O

Let R be a commutative ring. If R has exactly one maximal ideal M then we say that R is a
quasi-local ring (typically, this is actually called a local ring, though not in our text). If R is a
local ring with maximal ideal M, then we call R/M the residue field of R.

Example. If F is a field, then F' is a quasi-local ring, with unique maximal ideal 0; the residue
field of F' is just F' = F/0.

Lemma 60. Let R be a commutative ring. Then R is quasi-local if and only if the set of non-units
of R is an ideal; in this case

{r € R:r is a non-unit}
18 the unique maximal ideal of R.

Proof. Let J = {r € R : ris a non-unit}. Assume that R is quasi-local, and let M be the unique
maximal ideal of R. We claim that J = M. Clearly, as M is proper (and hence does not contain
a unit), M C J. Let r € J. Consider (r). Since r is a non-unit, (r) is a proper ideal. Therefore,
(r) is included in a maximal ideal of R which must be M. This means that r € M. We have
proven that M = J which implies that J is an ideal. Now assume that J is an ideal. The ideal J
must be proper since 1 ¢ J. Let M be a maximal ideal of R. Since M is proper, every element
of M is a non-unit. Therefore, M C J. But M is maximal; hence, M = J. It follows that R is

quasi-local. n

Proposition 61. Let R be a commutative ring, and let P be a prime ideal of R. Set S = R — P.

Then S™'R is a quasi-local ring with mazimal ideal
{re ST'R:2z=a/s for somea € P and s € S}.

Proof. Define
J={xe€S'R:2=a/s for some a € P and s € S}.
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By Lemma 60, it will suffice to prove that .J is the set of non-units of S™'R and that .J is an
ideal. Let x € J, and let a« € P and s € S be such that x = a/s. Assume that x is a unit; we
will obtain a contradiction. Let b/t € S™LR be such that a/s - b/t = 1. Then ab/st = 1/1. This
implies that there exists u € S such that u(ab — st) = 0, i.e., uab = ust. Now u,s,t € S. Hence,
ust € S. This implies that uab € P. But a € P; hence, uab € P. This is a contradiction. It follows
that every element of J is a non-unit. Now assume that a/s € ST'R and a/s is a non-unit. We
claim that a € P. Assume that a ¢ P, i.e., a € S; we will obtain a contradiction. Since a € S we
have s/a € S~'R. Now s/a-a/s = as/as = 1/1 = 1g-15. Thus, a/s is a unit, a contradiction.
Therefore, a/s € J. We conclude that J is the set of non-units. It is straightforward to verify that

J is an ideal, which concludes the proof. O

If R is a commutative ring, P is a prime ideal of R, and S = R — P, then we denote the ring of
fractions ST'R of R with respect to S by Rp, refer to Rp as the localization of R at P.
The next lemma shows that localizing at the maximal ideal of a quasi-local ring produces essentially

the same ring.

Lemma 62. Let R be a quasi-local commutative ring with maximal ideal M. The natural map

f: R — Ry is an isomorphism of rings.

Proof. We need to prove that f is injective and surjective. Assume that a € ker(f). Then a/1 = 0.
This implies that there exists uw € S = R — M such that ua = 0. By Lemma 60 the element
is a unit. This implies that @ = v~ 'ua = 0. Hence, ker(f) = 0. To see that f is surjective, let
a/s € Ry. Since s € S, s is a unit in R. We have

Flas™) = F(@)f(s™) = Fl@)f(s) " =a/1-(s/1) = a/1-1/s = afs.
It follows that f is surjective, and thus an isomorphism. O

Let R be a commutative ring, and let S be a multiplicatively closed subset of R. Let f : R — S™'R

be the natural map. As usual, with respect to f we have the extension and contraction maps:

I ideal of R — I¢ = (f(I)), an ideal of S™'R,
J¢ = f~1(J), an ideal of R <= J an ideal of S7!R.

We will use these maps to understand the ideals of S~'R and especially the prime and primary
ideals of ST!R.

Lemma 63. Let R be a commutative ring, and let S be a multiplicatively closed subset of R. If J
is an ideal of ST'R, then
J = (J9".

Proof. We have
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For the converse inclusion, let a/s € J. To prove that a/s € (J¢)¢ we first prove that a €
J¢ = f~1(J). Since a/s € J, we have s/1-a/s = a/1 € J, that is f(a) € J. This implies that
a€ J¢= f1(J). Since a € J¢, 1/s-f(a) € (f(J°)) = (JO), i.e., a/s € (J)® Hence, J C (J¢)¢. O

From the lemma we see that every ideal in S~'R is an extension of an ideal in R. We now describe

the extensions of ideals of R more closely.

Lemma 64. Let R be a commutative ring, and let S be a multiplicatively closed subset of R. Let
f: R — SR be the natural map, and define extension of ideals with respect to f. Let I be an
ideal of R. Then

I°={yeS'R:y=ua/s for someac I and s € S}.

Proof. Let y € I¢. By the definition of I, there exist a1/s1,...,an/s, € ST'R and by,...,b, € I

such that

y=a/si- f(b1) + -+ an/sn- f(bn)
=ai/s1-bi/l1+--+an/sp by/l
=aibi/s1+ -+ anby/sp
= (a1b1s2--8p)/81 - Sp+ -+ (anbns1 -+ Sn—1)/S1" " Sn

:(a1b132"'3n+"'+anbn51"'5n71)/sl"'Sn

Since [ is an ideal, and by,...,b, € I,
a1bisy Syt + anbpsy - sp—1 € 1.

This proves that I¢ is contained in {y € S™'R : y = a/s for some a € I and s € S}. Conversely,
letyc{ye S 'R:y=a/sforsomeacland se S} Letaec I and s € S be such that y = a/s.
Then

y=a/s=a/l 1/s=1/s- f(a) € (f(I)) = I
Hence, {y € ST'R:y = a/s for some a € I and s € S} C I°. This completes the proof. O

Example. Let the notation be as in Lemma 64. It is important to realize that if b/t € I¢, then it
does not follow that b € I. For example, let R = Z, and let S = {3" : n € Ng}. Then S™!'R is the
ring of all rational numbers of the form a/3™ for some a € Z and n € Ny. Let I = (6) = 6Z. Then

2/3=12/3-3/3=6/9 € I°

where the last step follows from Lemma 64. But 2 ¢ I.
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Lemma 65. Let R be a commutative ring, let S be a multiplicatively closed subset of R, and let
f: R — SR be the natural map. Define extension of ideals with respect to f. Let Q be a primary
ideal of R and assume that QNS =0. If a/s € Q°, then a € Q. Moreover, (Q°)¢ = Q.

Proof. Let a € R and s € S be such that a/s € Q°. By Lemma 64, there exist b € Q and ¢t € S
such that a/s = b/t. Let u € S be such that u(at —bs) = 0. Then a(ut) = usb € Q. Let n € N, and
consider (ut)”. We have ut € S and so (ut)™ € S. Also, SN Q = (. This implies that (ut)" ¢ Q.
It follows that ut ¢ 1/Q. Since Q is primary, we must have a € Q as desired.

Next, Q C f71(f(Q)) C (Q°)°. Conversely, let a € (Q°)¢. Then f(a) = a/1 € Q°. By the first
paragraph, a € ). Hence (Q°)¢ C @ and so @ = (Q°)°. O

Lemma 66. Let R be a commutative ring, let S be a multiplicatively closed subset of R, and let
f: R — SR be the natural map. Define extension of ideals with respect to f. Let I and J be
ideals of R. Then

(i) (I+J)¢=1°+J°.

(i) (IJ)¢=1I°J°.

(iii) (INJ)e=1¢NJe.

(iv) (VI)* = VT,

(v) I¢ = STR if and only if IN S # ().

Proof. (i) and (ii) were previous homework exercises and hold generally.

(iii) We first that (I N J)¢ C I° N J¢ Since INJ C I, we have f(INJ) C f(I). Similarly,
F(INJ) C f(J). Therefore, f(INJ) C f(I)N f(J) C I¢N J¢. This implies that 7N .J)¢ C I¢n Je.
Next, let y € I°NJ¢. By Lemma 64, there exist a € I, b € J, and s,t € S such that y = a/s = b/t.
Since a/s = b/t, there exists u € S such that u(at — bs) = 0. Hence, uat = ubs. Let x = uta = usb.
Then x € I N J. Moreover,

y=a/s=a/s ut/ut =uta/uts = x/uts € (INJ)°

where the last step follows by Lemma 64. Hence, I¢NJ¢ C (I'NJ)¢. This completes the proof that
(INnJ)e=I°nJe.

(iv) Let y € (v/I)°. Then by Lemma 64, there exist a € +/T and s € S such that y = a/s. let
n € N be such that a” € I. We have y" = a"/s" € I¢ again by Lemma 64. Hence, y € VI¢. Thus,
(\ﬁ)e C VIe. Conversely, let y € VIe. Let n € N be such that y* € I¢ Leta € Rand s € S
be such that y = a/s. Then y" = a"/s"™ € I¢. Hence, by Lemma 64, there exists b € I and ¢t € S
such that y" = a"/s" = b/t. Let u € S be such that u(a™t — bs™) = 0, i.e., ua™t = ubs™. We have
ua™t = ubs™ € I because b € I. Now

(uta)™ = u" 1" (uta™) € I.
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It follows that uta € V/I. Hence,
y=a/s =utajuts € (V)

where the last step follows by Lemma 64. This proves that v/I¢ C (v/1)¢, so that (v/1)¢ = V/Ie.

(v) Assume that I = S~'R. Then 1/1 € I°. By Lemma 64, this implies that there exists a € T
and s € S such that 1/1 = a/s. let u € S be such that us = ua € I'NS. Thus, I NS # 0.
Conversely, assume that I NS # (). Let s € INS. Then 1g-15 = 1/1 = s/s € I° by Lemma 64.
Hence, I¢ = S7'R. O

Theorem 67. Let R be a commutative ring, and let S be a multiplicatively closed subset of R. Let
f: R — ST'R be the natural map, and define extension and contraction with respect to f. Then
the map

{P € Spec(R): PN S =0} “3 Spec(S~'R)

defined by extension of ideals is bijection, with inverse given by the contraction of ideals map

Spec(ST1R) contragtion {P € Spec(R) : PN S = 0}.

Proof. We first prove that the extension map is well-defined. Let P € Spec(R), and assume that
PNS = (. We need to prove that P® € Spec(S™'R). Let a/s,b/t € ST'R, and assume that
a/s-b/t =ab/st € P°. By Lemma 65 we have ab € P. Since P is prime,a € Porbe P. If a € P,
then a/s € P¢ by Lemma 64; if b € P, then b/t € P¢ by Lemma 64. It follows that P¢ is prime so
that the extension map is well-defined.

Next, we prove that the contraction map is well-defined. Let P’ € Spec(S™'R); we need to prove
that (P’)¢ is prime and that (P)°N .S = (. To see that (P’)¢ is prime, let a,b € R and assume
that ab € (P")°. Then f(ab) = f(a)f(b) € P’. Since P’ is prime we have f(a) € P’ or f(b) € P/,
ie, a € (P) or b € (P)S thus, (P)° is prime. Assume that (P)°N .S # 0; we will obtain a
contradiction. Since (P')¢N S # (), we have ((P')¢)¢ = S™'R by Lemma 66. Also, by Lemma 63,
((P")€)¢ = P'. Hence, P' = S™!R. This is a contradiction because P’ is prime, and hence proper.
We have prove that the contraction map is well-defined.

To complete the proof we need to prove that the two maps are inverses of each other. By Lemma
65 we have (P¢)¢ = P if P € {P € Spec(R) : PN S = 0} and by Lemma 63, ((P')°)¢ = P’ if
P’ € Spec(STIR). O

Theorem 68. Let R be a commutative ring, and let S be a multiplicatively closed subset of R. Let
f:R— S™'R be the natural map. The map

extension

{Q is a primary ideal of R such that QNS = 0} 3 {Q’ is a primary ideal of S™' R}
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defined by extension of ideals is bijection, with inverse given by the contraction of ideals map
{Q' is a primary ideal of ST'R} contraction {Q is a primary ideal of R such that Q NS = 0}.

Moreover, if Q is primary ideal of R such that QNS =0, and P = /Q, then \/Q¢ = P¢.

Proof. We first prove that the extension map is well-defined. Let @) be a primary ideal of R such
that @ NS = 0; we need to prove that Q° is primary. Assume that a/s,b/t € S~ R are such that
a/s- b/t = ab/st € Q°. By Lemma 65, ab € Q). Since @ is primary, a € Q or b € \/Q. If a € Q,
then a/s € Q° by Lemma 64. Assume that b € \/Q. Then b/t € (1/Q)¢ by Lemma 64. Now by
Lemma 66 we have (/Q)¢ = /Q¢. Hence, b/t € \/Q¢. We have proven that Q¢ is primary; hence,
the extension map is well-defined.

Next, we prove that the contraction map is well-defined. Let Q' be a primary ideal of S™'R. We
need to prove that (Q')¢ is primary and that (Q")°N .S = (). To see that (Q')¢ is primary, assume
that a,b € R are such that ab € (Q')°. Then f(ab) = f(a)f(b) € @Q'. Since Q' is primary we
have f(a) € Q" or f(b) € V@, ie., a € (Q')° or b € (VQ)° = /(Q)¢. Tt follows that (Q')° is
primary. Assume that (Q")°N S # 0; we will obtain a contradiction. Since (Q')° NS # 0, we have
(Q)°)¢ = S™'R by Lemma 66. Also, by Lemma 63, ((Q")¢)¢ = Q'. Hence, Q' = S™'R. This is a
contradiction because @’ is prime, and hence proper. We have prove that the contraction map is
well-defined.

To see that the two maps are inverses of each other we note that by Lemma 65 we have (Q°)¢ = @
if @ is primary ideal such that @ NS =, and by Lemma 63, ((Q')¢)¢ = Q' if @’ is a primary ideal
of STIR.

Finally, assume that @ is a primary ideal of R such that Q NS = (), and let P = /Q. Then
VQ¢ = (V/Q)¢ = P¢ by Lemma 66. O

Theorem 69. Let R be a commutative ring, and let S be a multiplicatively closed subset of R. Let
I be a decomposable ideal of R. Let

I:le"'an

be a primary decomposition of I, and let P, = \/Q; fori=1,...,n. Assume that m € Ny is such
that
PNS=0 for1<i<m

and
PinS#0 form<j<n.

(i) If m =0, then I¢* = S~'R and (I°)° = R.
(ii) Assume that 1 < m <mn. Then I¢ and (I)° are decomposable, and

I°=QiN---NQ;, and /Q5=PF forl<i<m

o4



Math 557 lecture notes (University of Idaho, Fall 2022) Brooks Roberts

and

(I=Q1N---NQ,, and \/@:Pi for1 <i<m.

Proof. (i) Assume that m = 0. Let 1 < j < n. We first claim that Q; NS # 0. Since m = 0 we
have P;NS # 0. Let x € P;NS. Then since P; = \/Q>j, there exists ¢ € N such that ' € Q;. Now
z' € Q; NS, proving our claim that Q; NS # (. By Lemma 66 we have Q5 = S™IR. Since this
holds for all 1 < j < n, we obtain by Lemma 66

IF=(@iN-NQy)°

=Qin--nQ;
=S'RNn---NS7'R
=S7'R.

Finally, since I¢ = S~ R we also have (I¢)° = R.
(ii) Assume that 1 < m < n. Arguing as in (i) we have Q¢ = S™IR for m < i < n. Hence, by

Lemma 66,

I°=(QiN---NQy)°
=QiN-NQLNQL N NQY,
=Q¢n---NQ,NS'RN---NS™'R
=QiN--NQy,.

By Theorem 68 for 1 < i < m the ideals Qf are primary and /Q¢ = Pf. Hence, I° = Q{N---NQ5,

is a primary decomposition of I¢. Next, applying contraction, we obtain:

() =(QIN---NQ)"
= (QY)N---N(Q7)°
:le...QO.

This is a primary decomposition of (I€)¢. Finally, assume that the primary decomposition of I is

minimal. By Theorem 68 the P for 1 < ¢ < m are pairwise distinct. Assume that 1 < j < m is

such that
m
Qs € Q5
i=1
i#j
we will obtain a contradiction. Applying contraction, we have

[

Ne:| c@r

i=1
i#]
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(@) € (@)

The last inclusion implies that

this contradicts the minimality of the primary decomposition for I. It follows that the primary
decomposition for I¢ is minimal. The primary decomposition for (/€)¢ is similarly proven to be

minimal. O

We can use these results to prove give another proof of the Second Uniqueness Theorem for Primary

Decomposition.

Theorem 70 (Second Uniqueness Theorem for Primary Decomposition). Let R be a commutative
ring, and let I be a decomposable ideal of R. Let assgr(I) = {P1,...,P,}. Let

I=Q:1N---NQ, with Q; =P, iE{l,...,TL}

and

I=Q\N---NQ, with \/Q:=P, ie{l,...,n}
be minimal primary decompositions of I. If i € {1,...,n} and P; is a minimal prime ideal of I,
then

Qi = Q..

Proof. Let i € {1,...,n} and assume that P; is a minimal prime ideal of I. Let S = R — P;. Then
S is a multiplicatively closed subset of R. Let j € {1,...,n} with j # ¢; we claim that P; N.S # ().
Assume that P; NS = (); we will obtain a contradiction. Since P; NS = (), we have P; C P;. Since
P; is a minimal prime ideal of R we must have P; = P;. This contradicts the assumption that the
above are minimal primary decompositions of 1. We have proven that P; NS # (). Applying now

Theorem 69 we have

Qi=(I)"= Qs
This is the desired result. O
Proposition 71. Let R be a commutative ring, and let P be a prime ideal of R. Let S = R — P,

and let f : R — S™'R = Rp be the natural map. If n € N, then ((P™))¢ is a primary ideal such
that

V((Pr)e)e = P.
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Proof. By Proposition 61, Rp is a quasi-local ring with maximal ideal P¢. By Lemma 66 we have
(Pn)e — (Pe)n'

Since

VP = Py = P

and P¢ is maximal, (P™)¢ is a primary ideal of Rp. Since the contraction of any primary ideal is

easily seen to be a primary ideal, the ideal ((P™)¢)¢ is a primary ideal of R. Now
((Pm)e)e = (v (Pm)e)° (see Exercise 2.43)

(P9)°

=P. (Theorem 67)

This completes the proof. ]

Let the notation be as in Proposition 71. We then refer to ((P™)€)¢ as the n-th symbolic power

of P and write
P = (P

It is known that P(™ = P™ if and only if P" is primary. Previously, we say that there exist prime
ideals P such that P™ is not primary. Thus, in general the n-th symbolic power of P is different

from P".
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6 Modules

Let R be a commutative ring. An R-module or module over R, is an abelian group M (written
additively) and a function
CRxM— M

such that for all 7,7 € R and m, m’ € M we have

(i) r-(m+m)=r-m+r-m'

(i) (r+r)-m=r-m+r"-m;

(iii) - (r'-m) = (rr') - m;

(iv) 1-m=m.
Usually, we omit the dot - from the notation. The definition of an R-module is analogous to that
of a vector space. In fact, if R is a field, then an R-module is a vector space over R.
Example. Let R be a commutative ring, and let I be an ideal of R. Then [ is an R-module with
the usual multiplication R x I — I. In particular, R is an R-module over itself. Also, R/I is an
R-module with multiplication R x R/I — R/I given by r- (r' +I) =rr’ +1I for r,r' € R.
Example. Let A be an abelian group, written additively. Then A is naturally a Z-module with
multiplication Z x A — A given by

n-a=sign(a)(a+---+a)
—_———

|n| times

for n € Z and a € A. The proof this is an assigned exercise.
Example. Let K be a field, and let R = K[X] where X is an indeterminate. Let V be a K-vector
space, and let T : V' — V be a K-linear map. Define

K X|xV —V

by

for p(X) € R and v € V. Then with this definition, V' is an R-module. This is an important
example that can be used to study T'.
Example. Let R and S be commutative rings, and let f : R — S be a ring homomorphism. Let
M be an S-module. Define R x M — M by r-m = f(r)m for r € R and m € M. With this
definition, M is an R-module, call the restriction of scalars from the original S-module M.
Let R be a commutative ring, and let M be an R-module. Let N be a subset of M. We say that
N is a R-submodule of M if

(i) N is an addtive subgroup of M;

(ii) If r € R and n € N, then rn € N.
Clearly if N is an R-submodule of M, then N is an R-module.
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Lemma 72. Let R be a commutative ring, and let M be an R-module. Let N be a subset of M.
Then N is an R-submodule of M if and only if

(i) N #0;
(i1) If r,7" € R and n,n’ € N, then rn+1r'n’ € N.

Proof. The proof of this is straightforward. O

Let R be a commutative ring, and let M be an R-module. Let J be a subset of M. By definition,
the R-submodule generated by J is the intersection of all the submodules of M that contain J;

note that there is at least one submodule containing J, namely M.

Lemma 73. Let R be a commutative ring, and let M be an R-module. Let J be a subset of M,
and let N be the R-submodule of M generated by J.
(i) If J =0, then N = 0.
(it) If J # 0, then
N = {Zriai :neNry,...,r € Ryay,...,an € J}.
i=1

Proof. The proof is an assigned exercise. O

Let the notation be as in the previous lemma. In the case that J is finite, we say that N is finitely
generated. Assume that J is finite and J = {ai,...,a,}. Then by the lemma N consists of all
the possible sums

a1+ TRy

for r1,...,7, € Rand ay,...,a, € J. If J has just one element a, then we say that N is cyclic; in
this case, N consists of the elements ra for r € R and we write N = Ra.
Next, let R be a commutative ring, and let M be an R-module. Let (INy)aep be a collection of
R-submodules of M. The sum

>N

AEA

is defined to be R-submodule of M generated by the union

U

A€A

By Lemma 73, the elements of the sum ) ., Ny are

a>\1+...+aAt

wheret € N, A,..., A\t € A, and ay, € Ny, ...,ay, € Ny,. We can write every element of ) 7y, Ny
in the form

5o

AEA
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where it is understood that ay = 0 for all but finitely many A € A. We note that if J =
{a1,...,an} € M, then the R-submodule N generated by J is

N = Raj + -+ + Ray.

Let R be a commutative ring, let I be an ideal of R, and let M be an R-module. We let IM be
the submodule of M generated by {rm :r € I,m € M}. By Lemma 73 we may deduce that

n
IM:{Zriai:nGN,rl,...,rnER,al,...,anEM}.
i=1

In the case that I is a principal ideal I = (a), then

IM = (Ra)M = {am : m € M};

in this case we write IM = aM.
Let R be a commutative ring, let M be an R-module, let N be an R-submodule of N, and let J
be a subset of M. Assume that J is non-empty. Then

(N:J)={reR:ra€ N foralla € J}
is an ideal of R. We have
(0:J)={reR:ra=0forallac J}.
This ideal is called the annihilator of J. We write
Ann(J) = (0:J).

Lemma 74. Let R be a commutative ring, and let M be an R-module. Let I be an ideal of R such
that I C Ann(M). Define
R/Ix M — M

by
(r+1,m)— rm.

With this definition, M is an R/I-module.

Proof. We first prove that R/I x M — M is well-defined. Assume that r+1 =17+ 1 and m € M.

We need to prove that 7m = r’'m. Since r + I = r' + I, there exists a € I such that r =’ +a. Now
rm = (r' +a)m =r'm+am=1r'm
because a € I C Ann(M). It follows that R/I x M — M is well-defined. It is straightforward to
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verify that M is an R/I-module with this action. O

Let R be a commutative ring, and let M be an R-module. Let N be an R-submodule of M.
Regarding M and N as abelian groups, we form the quotient module M/N. This consists of all
the cosets of IV:

M/N={m+ N :me& M}.

The addition for M/N is given by
(m+N)+(m'+N)=(m+m')+ N
for m,m’ € M. We define an R action
Rx M/N —s M/N
by
r-(m+N)=rm+N

for r € R and m € M. The map R x M/N — M/N is well-defined: assume that m+ N =m/+ N
and r € R. Since m + N = m’ + N, there exists n € N such that m = m/ +n. Then

rm+ N =r(m' +n)+ N
=rm'+rn+ N
=rm' + N.

because rn € N. It is straightforward to verify that with this definition M/N is an R-module. We

call M/N the residue class module of M by N or M modulo N.

Proposition 75. Let R be a commutative ring, and let M be an R-module. Let N be an R-

submodule of M. Then there exists a bijection
{R-submodules N’ of M such that N C N'} — {R-submodules of M/N}

that sends N’ to N'/N.
Proof. The proof is left as an assigned exercise. O

Let R be a commutative ring, and let M; and Ms be R-modules, and let f : M; — Ms be a
function. We say that f is an R-homomorphism if for all r € R and m, m’ € M we have

(i) f(m+m') = f(m)+ f(m);

(ii) f(rm)=rf(m).
Assume that f is an R-homomorphism. If f is injective, then we say that f is an monomorphism.

If f is surjective, we say that f is an epimorphism. If f is both injective and surjective, then we
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say that f is an isomorphism. If f is an isomorphism, then we say that M and N are isomorphic,

and we write M = N.

Lemma 76. Let R be a commutative ring, let M and N be R-modules, and let f : M — N be
a homomorphism. Let ker(f) = {m € M : f(m) = 0}. Then ker(f) is an R-submodule of M.

Moreover, f is a monomorphism, i.e., f is injective, if and only if ker(f) = 0.

Proof. Now
f(0) = f(0+0) = f(0) + f(0).

This implies that f(0) = 0, so that 0 € ker(f) and ker(f) is non-empty. Let r,7’ € R and
m,m’ € ker(f). Then

frm+r'm)=rf(m)++"f(m')=r-0+7"-0=0.

By Lemma 72 the set ker(f) is an R-submodule of M.

Next, assume that f is injective. Let m € ker(f). Then f(m) = 0 = f(0). Since f is injective,
we must have m = 0. Hence, ker(f) = 0. Conversely, assume that ker(f) = 0. Suppose that
m,m’ € M are such that f(m) = f(m'); then f(m —m’) = 0. Thus, m —m’ € ker(f) = 0. This

implies that m = m/ so that f is injective. O

Example. Let R be a commutative ring, let M be an R-module, and let N be an R-submodule of
M. Define
f:M — M/N

by f(m)=m+ N for m € M. It is straightforward to verify that f is an epimorphism. As usual,
we refer to f as the natural map or natural homomorphism.

Example. Let R be a commutative ring, and let M and N be R-modules. Consider the set
Hompg(M, N)
of all R-homomorphisms from M to N. Let fi, fo € Homg(M, N). Define
fi+fo: M — N

by
(fi + f2)(m) = fi(m) + fo(m)

for m € M. It is straightforward to verify that f; + fo € Hompg(M, N). The function 0: M — N

that sends every element of M to 0 € N is an R-homomorphism. Moreover,

0O+f=f+0
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for all f € Homgr(M, N). Also, if f € Homgr(M, N), define
—f:M—N

by
(=f)(m) = —f(m)

for m € M. Then —f € Homg(M, N) for f € Homg(M, N). We have
fH(-H=0=(-1+]

for f € Homp(M, N). With this addition, Hompg(M, N) is an abelian group. But Hompg(M, N)

has even more structure. Define an R-action
R x Hompr(M,N) — Hompg (M, N)
by (r, f) — rf for r € R and f € Hompg(M, N), where
rf: M — N

is defined by
(rf)(m) = rf(m)

for r € R and m € M. It is straightforward to verify that this function is well-defined and that
with this definition Hompg(M, N) is an R-module.

Theorem 77 (First Isomorphism Theorem). Let R be a commutative ring, let M and N be R-
modules, and let f € Homgr(M,N). Then f induces a well-defined isomorphism

f: M/ ker(f) — im(f)

such that f(m + ker(f)) = f(m) form € M.

Proof. We first prove that f is well-defined. Let m, m’ € M be such that m+ker(f) = m’+ker(f).
Then there exists k € ker(f) such that m = m’ + k. We have

f(m) = f(m' + )
fm/
= f(m’
fm!
It follows that f is well-defined. Next, let m,m’ € M and r € R. Then
F((m +ker(f)) + (m' + ker(f)) = f((m +m') + ker(f))
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(m+m)
(m) + f(m)
F(m +ker(f)) + f(m' + ker(f)).

f
f

And

Fr(m+ker(f))) = f(rm + ker(f))
= f(rm)

rf(m)

= rf(m+ker(f)).

It follows that f is an R-homomorphism. The definition of f implies that ker(f) = 0; also, it is

clear that f is surjective. Hence, f is an isomorphism. O

Theorem 78 (Second Isomorphism Theorem). Let R be a commutative ring, let M be an R-module,
and let N1 and Ny be R-submodules of M such that No C N1. Then there is an isomorphism

g: (M/Nz)/(N1/No) — M/Ni.

such that g((m + Na) + N1/N2) = m + Ny for m € M.

Proof. Define f : M/Ny — M/Ny by f(m + N3) = m + Nj. It is straightforward to verify that f
is a well-defined R-homomorphism. If m € M, then f(m + N3) = m + Ni; this implies that f is
surjective. To determine the kernel of f, let m € M. Then

f(m+N2):O = m—|—N1:OM/N1
<~ m+ N1 =N
<~ meMN;

<= m+ Ny € N1/No.

Thus, ker(f) = Ni/Ny. The proof is now completed by applying the First Isomorphism Theorem
to f; we have f = g. O

Theorem 79 (Third Isomorphism Theorem). Let R be a commutative ring, and let M be an
R-module. Let N1 and Ny be R-submodules of M. Then there is an isomorphism

g: Nl/(Nl ﬂNQ) = (Nl + NQ)/NQ

such that g(n + N1 N No) =n+ N for n € Ny.

Proof. Define f: Ny — (N1 + N3)/Na by f(n) =n+ Ny for n € Ny. It is straightforward to verify
that f is an R-homomorphism. To see that f is surjective, let y € N1 + No. Then there exist
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n1 € N1 and no € Ns such that y = n; + ny. Now

f(n1) =n1 + Na
=n1 +ng + Ny
=y + Na.

Thus, f is surjective. Next, we determine the kernel of f. let n € N;. Then

fn) =0 <= n+ Ny = 0(N1+N2)/N2
< n+ Ny= N,
<— n € Ny

<— n € N; N Ns.

Hence, ker(f) = NjN Ny. The proof is now completed by applying the First Isomorphism Theorem
to f; then f = g. O

We introduce some further concepts concerning homomorphisms. Let R be a commutative ring,
and let A, B, and C' be R-modules. Let

AL Bl

be a sequence of R-homomorphisms. We say that this sequence is exact if im(g) = ker(f). More

generally, let

VRN VARG VAR N (S 5 VAR L= I

be a sequence of R-homomorphisms. We say that this sequence is exact if it is exact at each joint,
ie.,

im(f;) = ker(fit1)
fori=1,...,n— 2. The exactness concept can be used to characterize injectivity and surjectivity.

Lemma 80. Let R be a commutative ring, let M and N be R-modules, and let f : M — N be an
R-homomorphism. Then

(i) f is injective if and only if 0 — M Ly N is exact.

(ii) f is surjective if and only if M LN S0 s exact.

Here, 0 = M and N — 0 are the uniquely determined R-homomorphisms.

Proof. For (i), we have:

f is injective <= ker(f) =0
< ker(f) =im(0 - M)

<— 0—>M1>Nisexact.
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For (ii), we have:

[ is surjective <= im(f)

N
< im(f) = ker(N — 0)

<= MLN—)Oisexact.

This completes the proof. ]

Example. Let R be a commutative ring, let M be an R-module, and let N be an R-submodule of

M. Then the following sequence is exact:
0O—N-—M-—M/N—0

is exact. Here, N — M is the inclusion map, and M — M /N is the natural map.

Let R be a commutative ring, and let (M)y)xea be a non-empty collection of R-modules. There are

two fundamental constructions of R-modules from (M) ea which we will define. First, we define

[

AEA

the direct product

of (M) )xea to be the Cartesian product of the My, A € A; the typical element of the direct product

has the form

(mx)ren

where my € M) for A € A. We define an addition on the direct product by

(ma)rea + (MY)aer = (my +mh\)ren

for (mx)aea, (M))aea in the direct product, and we define an R-action on the direct product by

- (ma)aea = (rma)rea

for (my)xea. With these definitions, it straightforward to verify that the direct product is an
R-module.
The external direct sum

P

AEA
is the subset of the direct product consisting of all the elements (my)xea such that my = 0 for
all but finitely many A € A. It is straightforward to verify that the external direct sum is an

R-submodule of the external direct product.
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Example. Let R =7, A =N, and for A € A, let M) = Z. Then the direct product is

[[Mi=zxzZxZx--,
AEA

so that the direct product consists of all sequences of integers, with addition and the Z-action being
defined component-wise. The external direct sum consists of all the integer sequences where all but
finitely many of the elements of the sequence are zero.

There is also the concept of an internal direct sum. Let R be a commutative ring, and let M be
an R-module. Let (M))xea be a collection of R-submodules of M. Assume that

M=) M,
Then every element of M can be written in the form

m:Zm,\

where my = 0 for all but finitely many A € A. We say that M is the internal direct sum of
(M) xen if

(i) M =3 \en M
(ii) every element m of M has a unique expression in the form m =, _, mx.

Lemma 81. Let R be a commutative ring, and let M an R-module, and let K and Q) be R-
submodules of M. Then M 1is the internal direct sum of K and Q if and only if M = K + @ and
Kn@=0.

Proof. Assume that M is the internal direct sum of K and ). Because M is the internal direct
sum of K and @), every element of M can be written as m = k 4 g for some k£ € K and ¢ € @), and
this representation is unique. It follows that M = K + Q. Let m € K N Q. Then m = m + 0 with
m € K and 0 € Q; but we also have m = 0+ m with 0 € K and m € (). By the uniqueness of the
representation of m we must have m = 0, so that K N Q = 0.

Next, assume that M = K + @ and K N Q = 0. To prove that M is the internal direct sum of @
and K we need to prove that every element m € M can be uniquely written in the form m =k + ¢
where k € K and ¢ € Q. Since M = K + @) we see that every element m € M can be written in
the form m = k+ ¢ where k € K and q € Q. To see that this representation is unique, assume that
ki,ko € K and ¢1, g2 € Q are such that k; 4+ g1 = ko + g2. Then

ki —ka=q—-qg e KnNQ=0.
Therefore, k1 = ko and g1 = g9, as desired. ]

External and internal direct sums are related by the following proposition.
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Proposition 82. Let R be a commutative ring, let M be an R-module, and let (My)xen be a
collection of R-submodules of M. Assume that M is the internal direct sum of (My)aen- Then the
function
f: @ My, =5 M
AEA
defined by

Flma)aer) =Y ma

AEA

for (mx)xea in the external direct sum is a well-defined R-isomorphism.

Proof. The function f is well-defined because if (my)xca is in the external direct sum, then my = 0
for all but finitely many A € A; hence the sum } ,_, my is meaningful. Next, let (mx)xea and
(m/\)xea be in the extenal direct sum, and let r € R. Then

F((ma)rea + (mY)rea) = f((mr 4+ m))rea

=) (mr+mh)

AeA
=2 mat ) m)
AeA AeA

= f((ma)aea) + F((M)Y)ren)-

And

f(r-(ma)ren) = f((rmx)ren)

=rf((mx)rea)-

This proves that f is an R-homomorphism. To see that f is injective, assume that (my)aep and

(m/\)aea are in the external direct sum and

F((ma)aea) = F((m))ren)-

Then

S = Yo

AEA AEA

Since M is the internal direct sum of (My)xyeca we must have my = m), for A € A. This proves that
[ is injective. The R-homomorphism f is surjective because M is, by hypothesis, > ., My. O
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Let R be a commutative ring, and let (My)aea be a collection of R-modules. Let

AJ:GDMX

AEA

Let 4 € A. The canonical projection
Pu: M — M,
is defined by

Pu((mr)aen) = ma

for (my)aea € M. The canonical injection
qu: M, — M
is defined by

qu(m) = (mx)xea

where
m if A = p,

0 if\# L

my =
The canonical projections and injections are easily seen to be R-homomorphisms. We have

idMM ifv= M,

Pvoq, =
0 if v £ p.

Canonical projections and injections may also be defined for direct products. In addition, canonical
projections and injections may be used to show that the direct product and external direct sum
have certain universal properties.

Let R be a commutative ring, and let
0—A—B—C—0

be a sequence of R-modules. If this sequence is exact, then we say that this is a short exact

sequence.

Example. Let R be a commutative ring, and let M be an R-module, and let N be an R-submodule
of M. Then the sequence
0O—N-—M-—M/N—0

is a short exact sequence.

69



Math 557 lecture notes (University of Idaho, Fall 2022) Brooks Roberts

Let R be a commutative ring, and let
0—ALB 200
be a short exact sequence of R-modules. We say that this sequence is split if
K = ker(g) = im(f)

is a direct summand of B, i.e., there exists an R-submodule ) of B such that B is the internal
direct sum of K and Q:
B~KaQ.

Lemma 83. Let R be a commutative ring, and let
0—ALB 200

be a short exact sequence of R-modules. Then the following are equivalent:
(i) The sequence is split.
(ii) There exists an R-homomorphism t: C — B such that got =idc.
(i7i) There exists an R-homomorphism s: B — A such that so f =id4.

Proof. Let K = ker(g).

(i) = (ii). Assume that the sequence is split. Then there exists an R-submodule @ of B such
that B is the internal direct sum of K and ). By Lemma 81 we have B= K + @ and K N Q = 0.
By the First Isomorphism Theorem the map

g:B/K = C, b+ K — g(b),

is an isomorphism. Now define
i:Q— B/K

by i(q) = ¢ + K for ¢ € Q. We claim that ¢ is an R-isomorphism. Since i is the restriction of the
natural map B — B/K, i is an R-homomorphism. To see that i is injective, assume that ¢ € @ is
such that i(q) = 0. Then

0=i(q) =q+K=0/xk=K

so that ¢ € K. We now have ¢ € KN Q = 0. Thus, ¢ is injective. To see that i is surjective, let
b€ B. Then b =k + g for some k € K and q € Q. We have

i(Q)=¢q+K=q+k+K=0+K.
Thus, 7 is surjective, and hence an R-isomorphism. We now define ¢ be the composition:
g ! i1 in ion
t:0 %5 B/K *s Q" B,
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Now we prove that got = id¢. Let x € C. Then since the sequence 0 - A — B — C' — 0 is exact,
there exists b € B such that g(b) = z. Write b = k + ¢ for some k € K and g € Q. We now have

This proves (ii).

(ii) = (i). Assume that there exists an R-homomorphism ¢ : C'— B such that got = id¢. Define
Q@ = im(t). We claim that B = K ® Q. First we prove that B = K+ Q. Let b € B. Let ¢ = t(g(b)),
and set k = b — q. Clearly, ¢ € . And:

Thus, k € K = ker(g). Since b = k + ¢, with k € K and ¢ € @, we have B = K + Q. Finally, let
x € KNQ. Then x = t(c) for some ¢ € C by the definition of Q). Also, g(x) = 0 since K = ker(g).

Hence,
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Thus, ¢ = 0, so that z = t(c¢) = 0. This proves that K N Q = 0, completing the proof that
B=Ka&Q.
The equivalence (i) <= (iii) has a similar proof. O

Lemma 84. Let R be a commutative ring, and let
0—ALB 200

be a split exact sequence of R-modules; by Lemma 83 there exists an R-homomorphismt: C — B
such that g ot =idg. Then the map
h:A®C -~ B

defined by g(a,c) = f(a) +t(c) is an R-isomorphism. In particular, B>~ A® C.

Proof. Tt is straightforward to verify that h is an R-homomorphism. Let (a,c¢) € ker(h). Then

Applying ¢ to this equation, we obtain:

0=g(f(a)) +g(t(c))
=0+ec

Thus, ¢ = 0. We now have f(a) = 0. But f is injective; hence, a = 0. It follows that & is injective.
To see that h is surjective, let b € B. Let ¢ = ¢(b), and set k = b—t(g(b)). Then k € ker(g) = im(f);
let @ € A be such that f(a) = k. We now have

This proves that g is surjective. O

Example. Let R be a commutative ring, and let A and C be R-modules. Let B = A & C, the
external direct sum. Let A — B be the canonical inclusion, and let B — C' be the canonical
projection. Then the sequence

0—A—B—C—0

is a split short exact sequence.
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Example. Consider the sequence
0 — Z/2Z — ZLJAZ — 27./AZ — 0

where Z /27 — Z/AZ is defined by m +2Z — 2m + 47 and Z/AZ — 27, /AZ is defined by m +47Z —

2m + 47. This is a short exact sequence which is not split.

Proof. Assume that this sequence is split; we will obtain a contradiction. By Lemma 84 we have
ZJAZ = Z)27 & 27/ AZ.

In other words, the cyclic group of order 4 is isomorphic to the direct product of two cyclic groups
of order 2. This is a contradiction (the cyclic group of order 4 has one element of order 2 while the

direct product of two cyclic groups of order 2 has 3 elements of order 2). O

Let R be a commutative ring, and let P be an R-module. Let (e))aea be a collection of elements
of P. Then we say that (e))xca is a base for P if every element p of P can be uniquely expressed
as a finite R-linear combination of the elements in the collection (e))xea, i.e., for every p € P there

exists a collection (7))xea with 7y = 0 for all but finitely many A € A such that

p = Z TXEN-

AEA

If P admits a base, then we say that P is a free R-module. The next lemma proves that a free

R-module is a direct sum of copies of R.

Lemma 85. Let R be a commutative ring, and let P be a free R-module with base (ex)aen- For
A € A, define P\ = R. Then there is an isomorphism

f@r =M

AEA

defined by
F(ra)aen) = Y raex

AEA

for (r1x\)xen € @)\eA Py.

Proof. 1t is straightforward to verify that f is an R-homomorphism. Assume that f((ry)aca) =0

0= Z TXEN-

AEA

0= 0-e,

AEA

for some (ry)ren € @ycp Pr- Then

Since we also have
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by the definition of a base we must have ry = 0 for A € A. This proves that f is injective. The

surjectivity of f follows form the assumption that (e))ea is a base for P. O

Now suppose that R is a commutative ring, and that A is non-empty set. For A € A, let ey be a

symbol. Consider the set P of all formal sums

g TAEX

A€A

where ) € Ry and r) = 0 for all but finitely many A € A. We define an addition on P by

(Z raex) + (Z rhex) = Z(r,\ +7))ex-

A€A AEA AEA

for D" ca maexns 2oren rex € P. We also define R-action on P by

re (Z raex) = ZTTW,\

A€A AEA

for r € Rand ) ., raex € P. It is straightforward to verify that with these definitions, P is a free
R-module with base (e))aea. We say that P is the free R-module on the symbols (e))xca.

Theorem 86. Let R be a commutative ring and let P be a free R-module with base (ex)xep. Let
M be an R-module, and let (my)aea be a collection of elements of M. Then there exists a unique
R-homomorphism f : P — M such that f(ey) = my for A € A.

Proof. Define f : P — M by

FOQ o mex) =Y rmamy

AEA A€A
for Y ycamaen € P. It is straightforward to verify that f is an R-homomorphism such that f(ey) =

my for A € A. Moreover, it is clear that f is the unique such R-homomorphism such that f(ey) = my
for A € A. O

Corollary 87. Let R be a commutative ring, and let M be an R-module. Then there exists a free

R-module P and a surjective R-homomorphism f: P — M.

Proof. Let (m))xea be any collection of elements of M that generate M (such an collection clearly
exists). Let (ex)xea be a collection of symbols, and let P be the free R-module on (ex)rea. By
Theorem 86 there exists an R-homomorphism f : P — M such that f(ey) = m) for A € A. Since

(mx)xen generates M it follows that f is surjective. O

Example. Let R be a commutative ring, and let M be an R-module generated by the finite set
{g1,--.,9n}. Then by Theorem 86 there exists a free R-module P with base (e;)ic(1,....n} and a
homomorphism f : P — M such that f(e;) = g; for i € {1,...,n}. Let K = ker(f). Then the
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following sequence is exact:

O—>K—>PL>M—>O.

This suggests that finitely generated R-modules could be investigated by studying quotients of the
form P/K.

Theorem 88. Let R be a non-trivial commutative ring, and let P be a free R-module. Then all

bases of P have the same cardinality.

Proof. Since R is non-trivial, R has a maximal ideal M. Earlier, we introduced the R-submodule
M P, the submodule of P generated by the elements rz for r € R and x € P. Let V.= P/MP. if
y=xz+ MP eV and r € M, then

ry=r(x+ MP)=rx+ MP = MP.

Thus, M C Ann(P/MP). By a previous result, the quotient ring V' = P/MP is an R/M-module
with R/M action defined by

(r+ M) -(xr+MP)=rz+ MP

for r € R and x € P. Let F' = R/M. Then V is an F-module. Since F' is a field, V is actually
an F-vector space. Now let (e))aca be a base for P. For A € A define vy = ey + M P. To prove
the theorem it will suffice to prove that the collection (vy)aea is a basis for the F-vector space V'
(because all bases for a vector space have the same cardinality). We need prove that (vy)xea spans
V and is linearly independent. Let v € V. Let « € P be such that v = x + M P. Since (e))aen is
a base for P, there exists a collection (r))xea such that ry = 0 for all but finitely many A € A and

Tr = Z TXEN.

AEA

Hence,

v=x+ MP

= ZT‘)\B)\ + MP
AEA

= Z(T)\ —|—P)(e>\ + MP)
AEA

= Z(T)\ + P)U)\.

A€A

It follows that (vy)aea spans V. Now suppose that (ay)aea is a collection of elements of F' such
that a) = 0 for all but finitely many A € A and

0= Za)\’l))\

AEA
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For each A € A let y € A be such that ay =ry + M and ry =0 if ay = 0. Then

0= (ra+P)(ex+ MP)
AEA

= Zme)\ + MP
AEA

= (Z raex) + MP.
AEA
It follows that

Z ryex € MP.
AEA

Let a1,...,a, € M and p1,...,p, € P be such that

n
S e =
=1

AEA

Next, for each i € {1,...,n}, let

Di = Z birex

AEA
where b;) € R for A € A and b;, = 0 for all but finitely many A € A. Then

n

> mex=>_ai(d bies)

AEA =1 AEA

= Z(Z aibM)eA.

€A =1

Since (e))aen is a base for P, we have

n
T =) aibix
i=1

for A € A. Since M is an ideal and a1, ...,a, € M, we conclude that ry € M for A € A. Therefore,
ayx =rx+M =M = 0p for A € A. Hence, (v))aea is linear independent. O
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7 Chain conditions on modules

In this section we consider the idea of understanding modules through composition series. We first

consider chain conditions on modules.

Lemma 89. Let R be a commutative ring, and let M be an R-module. Then the following are
equivalent:
(i) 1f
My € My C Mz C ---

s an ascending sequence of R-submodules of M, then there existsn € N such that My, = M,
for k € N. (This is called the ascending chain condition, or ACC).

(ii) Every non-empty set of submodules of M contains a maximal element with respect to inclusion.

Proof. (i) = (ii) Assume (i). Assume that (ii) does not hold, so that there exists a non-empty
set of submodules of M that does not contain a maximal element with respect to inclusion. Let
My € X. Then M; is not maximal, so that there exists My € X such that M; ;Cé Ms. Similarly,
there exists M3 € X such that M, ; Ms. Continuing, we obtain a sequence

My S My S Ms G-

This contradicts (i).
(ii) = (i) Assume that (ii) holds. Let

My, € My C M3 C---

be a sequence R-submodules of M. Let X = {Mj;, My, M3,...}. Then X contains a maximal
element, say M,. Assume that £ € N and consider M,, ;. We have M,, C M, ;. Since M, is

maximal, we must have M,, = M, . This proves (i). O

Let R be a commutative ring, and let M be an R-module. If M satisfies one of the two equivalent

conditions of Lemma 89 then we say that M is Noetherian.

Lemma 90. Let R be a commutative ring, and let M be an R-module. Then the following are

equivalent:

(1) If
- © M3 C My C My

is a descending sequence of R-submodules of M, then there exists n € N such that My, = M,
for k € N.(This is called the descending chain condition, or DCC).

(i) Every non-empty set of submodules of M contains a minimal element with respect to inclusion.

Proof. The proof is very similar to the proof of Lemma 89. O
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Let R be a commutative ring, and let M be an R-module. If M satisfies one of the two equivalent
conditions of Lemma 90 then we say that M is Artinian.

Let R be a commutative ring. We can consider R as an R-module. The R-submodules of R are
exactly the ideals of R. It follows that the R-module R is Noetherian if and only if R is a Noetherian
ring. We will say that R is an Artinian ring if R is an Artinian R-module. This means that R
satisfies the descending chain conditoion on ideals, or equivalently, every set of ideals of R has a

minimal element.

Example. Let R =7Z. Then R is a Euclidean domain, and hence is a PID. Thus, R is Noetherian.

However, R is not Artinian. The following descending chain of ideals does not terminate:

. CAZ S WS L.

Example. If N € N, then Z/NZ is Artinian.

Later, we will prove that every Artinian commutative ring is a Noetherian commutative ring.

Combining this fact with the above example we have the proper inclusion

Artinian rings & Noetherian rings.

In light of this inclusion, it is natural to ask if every Artinian R-module is a Noetherian R-module.
The answer is no.

Example. There exist Z-modules that are Artinian but not Noetherian.

Proof. Let p be a prime. Let
N =A{r/p":re€Z,n € Np}.

Then N is a Z-module. Also, N contains Z as a submodule. We define
M = N/Z.
We define a sequence of submodules of M as follows. Let ¢t € Ny. We define
¢ 1
Ny ={r/p :TEZ}:EZ.

Evidently, we have
NoSGNiGNoGN3 G-

Let f: N — N/Z = M be the natural map, and for ¢ € Ny define

My = f(Ny) = N¢/Z.
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We have
MO;MI;MQ;Mg;"'

It follows that M is not Noetherian. Next we will prove that M is Artinian. Let
- CW3 C Wy C W,

be a descending sequence of submodules of M. We need to understand the W;. Let W be a proper
submodule of M. We will prove that W = M; for some t € N. If W = 0, then W = M. Assume
that W # 0. Then there exists n € N and r € Z such that r/p” +7Z € W and r/p" ¢ Z. We may
assume that r and p are relatively prime. We claim that M, C W. Let a/p" + Z € M, where

a € Z. Since r and p" are relatively prime, there exist z,y € Z such that rx 4+ p™y = 1. Hence
rra+plya =a
so that

raa/p" + p"ya/p" = a/p"
rea/p” + ya = a/p"
rea/p” +ya+7Z =a/p" + 7

rea/p +7Z =a/p" + 7
za(r/p" +7Z) =a/p" + Z.

Since r/p"+Z € W, we find that a/p”+7Z € W. This proves that M, C W. Now since W is proper,
and since M is the union of the M;, it follows that there exists m € N such that M, ¢ W; this
implies that M; € W for all j > m. It follows that there exists a largest element n of N such that
M, € W. We claim that in fact M, = W. Let r/p* + Z € W; we will prove that r/p* + Z € M,,.
We may assume that 7/p* ¢ Z and that r and p are relatively prime. Arguing as above, we find
that M} C W. By the definition of n we must have k < n. Therefore,

r/pk + 7 =rp"FpF 4+ 2
=p" " (r/p" + Z)
e M,

Thus, W C M, so that W = M,,.

We now consider again our descending chain

- C W3 C Wy C WL
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For each i € N, let n; € N be such that W; = M,,,. Our chain is then
- C My, € My, € M,,.
In general, M;, C M; if and only if k£ < j. Thus,
- <ng <ng <nj.
Since each of these integers is non-negative, there exists k € N such that

NEg =MNkg41 = Nk42 = -+ .

This means that
Wi =Wi1 = Wiao =--- .

Thus, M satisfies the descending chain condition and is thus Artinian. O

Lemma 91. Let R be a commutative ring, and let M be an R-module. Then M is Noetherian if

and only if every submodule of M is finitely generated.
Proof. The argument is very similar to the proof of Lemma 23. 0

Lemma 92. Let R be a commutative ring. Let M be an R-module, and let N be an R-submodule
of M. Then:

(i) M is Noetherian if and only if N and M /N are Noetherian.

(i) M is Artinian if and only if N and M /N are Artinian.

Proof. (i) Assume that M is Noetherian. Let
Ny ©C Ny C N3 C---

be an ascending chain of R-submodules of N. Since this is also an ascending chain of R-submodules
of M, and since M is Noetherian, there exists n € N such that N, = N, for k € N. Next, let

WiCWy CW3C---
be an ascending chain of R-submodules of M/N. let f: M — M/N be the natural map. then
fr) c fiWe) S fH W) -

is an ascending chain of R-submodules of M. Since M is Noetherian, there exists n € N such that
Y Woir) = f719W,) for k € N. Now f(f~ (W) = W,, for m € N. Hence, W, = W, for
keN.
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Now assume that N and M /N are Noetherian. Let
M; C My C M3 C---
be an ascending chain of R-submodules of M. We may consider the chain
MiNNCMNNCM;NNC---.

This is an ascending chain of R-submodules of N. Since N is Noetherian, there exists n € N such
that M, "N = M, NN for k € Z. Again let f: M — M/N be the natural map. Then

f(My) C f(Mz) C f(M3) C -

is an ascending chain of R-submodules of M/N. Since M /N is Noetherian, there exists m € N
such that f(M,+x) = f(My,) for k € N. Let ¢t = max(m,n). We claim that M, = M, for k € N.
Let k € N. Let © € M,;x; we need to prove that x € M;. Now f(M;,) = f(My). Therefore,

fla) =2+ N € f(M).

This implies that there exists y € My such that t + N =y + N. Let n € N be such that x = y + n.
Then
T—y=n€ My ;"N =DMNN.

So
r=yYy+nec Mt
as desired.
The proof of (ii) is similar and will be omitted. O

Corollary 93. Let R be a commutative ring, and let My, ..., M, be R-modules. Then:
(i) The direct sum @;_; M, is Noetherian if and only if My, ..., M, are Noetherian.
(ii) The direct sum €. M; is Artinian if and only if My, ..., M, are Artinian.

Proof. We prove these statements by induction on n. The statements are trivial if n = 1. Assume
that n > 1 and that the statements hold for m < n. Let j € {1,...,n}. Assume that @;_, M; is
Noetherian (Artinian). We may view M; as an R-submodule of @}, M; via the canonical injec-
tion. By Lemma 92, M; is Noetherian (Artinian). Next, assume that My, ..., M, are Noetherian

(Artinian). Regard M; as an R-submodule of ;" | M; via the canonical inclusion. Then

<é Mi> /M, = éMi
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Also, M is Noetherian (Artinian), and by the induction hypothesis,

n
D
=2

is Noetherian (Artinian). Lemma 92 now implies that @;" ; M; is Noetherian (Artinian). O

From Corollary 93 we see that if R is a Noetherian (Artinian) ring, then a free R-module with a

finite base is Noetherian (Artinian). In fact, more is true:

Lemma 94. Let R be a commutative ring.
(i) If R is a Noetherian ring, then every finitely-generated R-module is Noetherian.

(ii) If R is an Artinian ring, then every finitely-generated R module is Artinian.

Proof. Let M be an R-module, and assume that M is finitely-generated. By the example on page
74 there exists a free R-module P with a finite base and a surjective R-homomorphism f: P — M.
Let K = ker(f). Then M = P/K. Assume that R is Noetherian (Artinian). Then by Corollary
93, P is Noetherian (Artinian). Hence, by Lemma 92, P/K is Noetherian (Artinian). This implies
that M is Noetherian (Artinian). O

Lemma 95. Let K be a field, and let V' be a K-vector space. Then the following are equivalent:
(i) V is a finite-dimensional K -vector space.
(ii) V is a Noetherian K-module.

(iii) V is an Artinian K-module.

Proof. (i) = (ii), (i) = (iii). Assume (i). Let
VicV, CV3C
be an ascending chain of K-submodules of V', i.e., K-subspaces of V. Then
dimg V1 < dimg Vo < dimg V3 < -0

Since dimg V' is finite, there exists n € N such that dimV,,,; = dimV,, for k¥ € N. This implies
that V,,1x =V, for k € N. Next, assume that

L CWBCWBCY
is a descending chain of K-submodules of V', i.e., K-subspaces of V. Then
- < dimKV3 < dimKVQ < dival.

This implies that there exists n € N such that dimg V;, = dim V,, for &k € N. Therefore, V,, 1, =V,
for kK € N.
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(ii) = (i). Assume that (ii) holds, and that V' is not finite-dimensional; we will obtain a contra-
diction. Since V is infinite dimensional, there exist a collection of vectors (v;);cz in V that are

linearly independent. For k € N, let V}, be the K-span of vy, ...,v;. Then

This contradicts (ii).
(ili) = (i). Assume that (iii) holds, and that V is not finite-dimensional, we will obtain a
contradiction. Since V is infinite dimensional, there exist a collection of vectors (v;);cz in V that

are linearly independent. For k € N, let W), be the span of vgy1,Vk42, Vgts,.... We then have
L CW W, S

This contradicts (iii). O

Theorem 96. Let R be a commutative ring, and let N be an R-module. Let M, ..., M, be mazximal
ideals of R such that
My---M,N =0.

Then N is Noetherian if and only if N is Artinian.

Proof. We will prove this theorem by induction on n. Assume that n = 1 so that M1 N = 0. Then
M; C Ann(N). We then may consider N as an R/M; module via the action

(r+ M) -n=rn

for r € R/M; and n € N. We note that R/M; is a field since M; is a maximal ideal of R; also, any

R-subspace of N is also an R/M; subspace, and vice-versa. Hence:

N is Noetherian <= N satisfies the ACC for R-submodules
<= N satisfies the ACC for R/M;-subspaces
<= N satisfies the DCC for R/M;-subspaces
<= N satisfies the DCC for R-submodules

<= N is Artinian.

For the third “ <= ” we used Lemma 95. This proves the n = 1 case. Now assume that the theorem
holds for all m with m < n; we will prove that it holds for n. Now M, N is an R-submodule of N.
By Lemma 92

N is Noetherian (Artinian) <= M, N, N/M, N are Noetherian (Artinian).
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We also have

(My -+ My_y) - MyN =0
M, (N/M,N) = 0.

By the induction hypothesis we therefore have
M,N, N/M,N are Noetherian <= M, N, N/M,N are Artinian.
Combining together implications, we obtain
N is Noetherian <= N is Artinian.

This completes the proof. O

With the above preparation we begin the consideration of composition series. Let R be a commuta-
tive ring, and let M be an R-module. We say that M is simple if M # 0 and the only submodules
of M are 0 and M.

Lemma 97. Let R be a commutative ring, and let N be an R-module. Then N is simple if and

only if N is isomorphic to R/M for some mazimal ideal M of R.

Proof. Assume that N is simple. Let z € N with  # 0. Define f : R — N by f(r) = rz for
r € R. It is straightforward to check that f is an R-homomorphism. We have f(R) = Rz, which
is an R-submodule of N. Since N is simple and Rx # 0, we must have Rx = N. Thus, f is
surjective. Let M = ker(f). Then M is an R-submodule of R, i.e., an ideal of R. Also, by the
First Isomorphism Theorem, R/M = N as an R-module. Assume that I is an ideal of R such that
M C1I. Then I/M C R/M, and f(I/M) is an R-submodule of R of N. We must have f(I/M) =0
or f(I/M)=N. If f(I/M) =0, then I = M; if f(I/M) = N, then I/M = R/M so that I = R.
Thus, M is maximal.

Now assume that N is isomorphic to R/M for some maximal ideal M of R. Let f : R/M — N be
such an isomorphism. Let N’ be a submodule of N. Let J = f~(N’). Then J is a submodule of
R/M, i.e., and ideal of R/M. By Theorem 11, J = I /M for some ideal I of R that contains M.
Since M is maximal we have I = M or I = R. This means that J =0 or J = R/M, so that N' =0
or N’ = N. Hence, N is simple. O

Let R be a commutative ring. Let M be a non-zero R-module. A strict-chain of submodules of

M 1is a chain of submodules of M of the form
O:MO;M1;~~;M,1_1;M”:M

where n € N. We define the length of this strict-chain to be n. Such a strict-chain is said to be a

composition series for M if M;/M;_; is simple for i = 1,...,n. Assume that the above chain is
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a composition series. Then there exists no ¢ € {1,...,n} and submodule M’ of M such that
My G MG M.

This is because M;/M;_; is simple, and hence contains no submodules other than 0 and M;/M;_;.

If M has a composition series, then we let
¢(M) = minimum of all lengths of all composition series.

If M does not admit a composition series, then we set {(M) = oc.

Lemma 98. Let R be a commutative ring, let M be an R-module, and let N be a proper non-zero
submodule of M. If M admits a composition series, then so does N, and £(N) < £(M).

Proof. Let n = £(M). Let

0=MyGM G- GMy1 GM,=M

Z
be a composition series for M. For i =0,...,n, define N; = N N M;. We then have
0=NoCN C---C Ny 1 CN,=N.
Now let i € {1,...,n}. Consider the composition
N;=NNM; — M; — M;/M;_1.
This is an R-homomorphism. The kernel of this map is

NNM,NM, 1=NNM,1=N;_1.

Thus, there is a monomorphism
Ni/Ni—1 — M;/M;_,.

Since M;/M;_; is simple, N;/N;_; is either 0 or N;/N;_1 # 0 and N;/N;_; is simple. It follows

that we may obtain a composition series for N from
0=NoCEN C---C N1 SEN,=N.

by deleting N;_; if N;_; = N;. This implies that £(N) < ¢(M). Assume that ((N) = {(M); we will

obtain a contradiction. Since ¢(N) = ¢(M), we must have

Let i € {1,...,n}. Since M;/M;_ is simple, since N;/N;_; # 0, and since N;/N;_1 — M;/M;_
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is injective, the map N;/N;_1 < M;/M;_; is an isomorphism. Taking ¢ = 0, we obtain N;/Ny =
N1/0 = Ny and Mi/My = M;/0 = My; since N1/Ng = Mj /My, this implies that Ny = Mj.
Next, since Na/N; = No/M; = My/M;, we must have No = Ms. Continuing, we find that
N = N,, = M,, = M, contradicting that N is proper in M. O

Lemma 99. Let R be a commutative ring, and let M be an R-module. Assume that M has a
composition series of length n. Then:
(i) No strict-chain of submodules of M can have length greater than n.
(ii) Every composition series of M has length n.
(iii) Every strict-chain of submodules of M of length n is a composition series of M.
(iv) Every strict-chain of submodules of M of length n' < n can be extended to a composition

series for M by insertion of n —n' modules.

Proof. (i). Let
O:MégM{;---gM;_lgM;:M

be a strict-chain. By Lemma 98 we have
0<O(M]) < <UM._y)<l(M])=1LtM).

From this we obtain r < ¢(M). Since ¢(M) < n, we get r < n.
(ii). Let

0=MyGM G---G M1 G M, =M,
!/ ! ! !/
be two composition series for M. By (i) we have n’ < n; also, we have n < n/. Hence, n =n/'.
(iii). Let
0=M)SMS---CM, | SM,=M

be a strict-chain of length n. We claim that this is a composition series. Suppose not; we will
obtain a contradiction. Since this is not a composition series, there exists i € {1,...,n} such
that M//M/_ is not simple. This implies that there exist that submodule M’ of M/ such that

M{_ S M’ S Mj. Then the following is a strict-chain:

! ! !/ ! !
This strict-chain has length n 4 1 which contradicts (i).
(iv). Let

be a strict-chain of length n'. If n’ = n, then this strict-chain is a composition series by (iii).

Assume that n’ < n. Then by (ii) this strict-chain cannot be a composition series. Therefore,
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for some i € {1,...,n} the module M//M,_, is not simple. Arguing as for (iii), we may insert a
submodule in this strict-chain and obtain a strict-chain of length n’ + 1. If n’ + 1 = n, then by
(iii) the new strict-chain is a composition series. If n’ + 1 < n, then we can repeat this procedure.
Continuing, we may insert n — n’ submodules in our strict-chain to obtain a composition series for
M. This completes the proof. ]

Let R be a commutative ring, and let M be an R-module. If M admits a composition series, then
we say that M has finite length; in this case we let £(M) be the common length of all composition

series for M. If M does not admit a composition series, then we let £(M) = oco.

Theorem 100. Let R be a commutative ring, and let M be a non-zero R-module. Then M has
finite length if and only if M is both Noetherian and Artinian, i.e., satisfies the ACC and the DCC.

Proof. Assume that M has finite length. Let
My € My C M3 C -

be an ascending chain of R-submodules of M. Assume that this chain is not eventually stationary;
we will obtain a contradiction. Since the chain is not eventually stationary this chain has infinitely
many strict inclusions. This means that M admits a strict-chain of length greater than ¢(M). This
contradicts (i) of Lemma 99. Hence, M satisfies the ACC. Similarly, M satisfies the DCC. Hence,
M is Noetherian and Artinian.

Now assume that M is Noetherian and Artinian. Assume that M does not have finite length; we

will obtain a contradiction. Let
X = {submodules N of M such that N # 0 and ¢{(N) = oc}.

The set X is non-empty since M € X. Since M is Artinian, X contains a minimal element N.
Next, let
Y = {non-zero proper submodules @) of N}.

Since ¢(NN) = oo, the module N contains a non-zero proper submodule (otherwise, N is simple, and
0= DNy ; N; = N is a composition series for V) so that Y is non-empty. Since M is Noetherian,

Y contains a maximal element (). We now have
0CQSNCM.
By the minimality of N, we have £(Q) < oo. Let
0=Q&h & SQ=0Q

be a composition series for (). Consider N/Q. By the maximality of @, N/Q must be simple. It
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follows that
0=QS S - GQn=Q&N

is a composition series for N. This contradicts ¢(NN) = oo. O

Let R be a commutative ring, and let M be an R-module. Assume that M # 0, and assume that
M has a composition series:

0=MyGM GG M_1SM, =M

By definition, the modules
Mi/Mi—h iE{l,...,TL}

are simple. We refer the M;/M;_; as the composition factors of the above composition series. If
two composition series for M have the same composition factors, not taking order into account, then
we will say that these composition series are isomorphic. We will prove that any two composition

series for M are isomorphic. First we need a lemma.

Lemma 101. Let R be a commutative ring, and let M be an R-module. Let N and N’ be submodules
of M such that N # N’ and M/N and M/N' are simple. Then

N'/(NAN'= M/N, and N/(NNN')= M/N'.

Proof. Define f: N' — M/N by f(n') =n’+ N for n’ € N’. Then f is an R-homomorphism and
ker(f) = N N N’. Consider im(f). Since M/N is simple we have im(f) = 0 or im(f) = M/N.
Assume that im(f) = 0; we will obtain a contradiction. Since im(f) = 0 we have ker(f) = N/,
ie, NN N = N'. This implies that N C N. Since N’ C N and N # N’ we have N’ G N.
Therefore, N/N' # 0. Now N/N'" C M/N’. Since N/N' # 0 and M/N is simple we must have
N/N' = M/N’. This implies that N = M. Then M/N = 0, a contradiction (recall that M/N is
simple and hence non-zero). It follows that im(f) = M/N. By the First Isomorphism Theorem we
now have N'/(N N N') =2 M/N. Similarly, N/(N N N') = M/N'. O

Theorem 102 (Jordan-Holder Theorem). Let R be a commutative ring, and let M be a non-zero
R-module. Then any two composition series of M are isomorphic, i.e., have the same composition

factors (not taking order into account).

Proof. We will prove this by induction on n = ¢(M). If n = 1, then M is simple. Hence, the only
composition series of M is 0 = M ;Cé M; = M, and the only composition factor for M is M /0 = M.
Thus, the theorem holds for the n = 1 case. Suppose that n > 1 and that the theorem holds for
all R-modules with composition series with length strictly less than n; we will prove that it holds
for M.

Assume that
(Ch) 0=MyGMSG---G M 1G M, =M,
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(Co)  0=MyGM G- S M, GM,=M

are two composition series for M.
Assume first that M, 1 = M/ _;. Then:

comp. factors of Ci: comp. factors of 0 = M, ; M, ; cee g M,y and M /M, = M/M, _,
comp. factors of Cy: comp. factors of 0 = M, G M G- G M,y and M/M, | = M/M] ;.

By the induction hypothesis, these are the same.
Assume now that M,y # M/ _,. Since M/M,,_; and M/M] _, are simple we have by Lemma 101

we have
Mn—l/(Mn—l N MT,L—I) = M/M;L—l’ Mqlm—l/(Malm—l N Mn—l) = M/Mn—l'
Assume that M,_; N M],_; = 0. Then

My = Mn—l/(Mn—l N M’I’l*l) = M/Mlth
M, | = M;z—l/(M;z—l N M) = M/My_.

n—1 —

In particular, M,,_; and M) _, are simple. This implies that n = 2, so that C; and Cj are

(C1) 0=MyG M G M =M,
(C9) OZMégM{;Mé:M

and we have
M, = M/Mj, M = M/M;.

This proves the theorem for this case. Finally, assume that M,_1 N M) _; #0. Let N = M,,_1 N
M/ _,. Consider N. By Lemma 98 we have {(N) < /(M) =n. Let m = ¢(N) and let

0=NoGMNM G- GNu i1 SNu=N

be a composition series for N. Then

is a composition series for M. Hence, by Lemma 99 we have

m+2=0M)=n
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so that m = n — 2. It follows that

(C3) 0=NoGMNM G- GNn1GNyo=NGM, 1S M,=M,

(Cy) OZN();NI;"‘;Nm_l;Nn_QZN;MéilgMT/l:M,

are two composition series for M. Since M /M,y = M/ /N and M/M] _, = M,_1/N we have
comp factors of (C3) = comp. factors of (Cy).
By the first case we considered, we also have

comp factors of (C1) = comp. factors of (C3),

comp factors of (Cz) = comp. factors of (Cy).
We now conclude that
comp factors of (C1) = comp. factors of (Cy),

which completes the proof. O

Theorem 103. Let R be a commutative ring, and let
0—L-L ML N—0

be a short exact sequence of non-zero R-modules.
(i) M has a finite length if and only if L and N have finite length.
(ii) If L, M, and N have finite length, then

Proof. (i). We have:

M has finite length
<= M is Noetherian and Artinian
<= L and M/L are Noetherian and Artinian (Lemma 92)
<= L and N are Noetherian and Artinian (N = M /L)
<= L and N have finite length.

(ii). Assume that L, M, and N have finite length. Since N = M/L we have ¢(N) = ¢(M/L). Tt
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therefore suffices to prove that
O(M)=4(L)+¢(M/L).

If L =0o0r M/L =0 then we clearly have ¢(M) = ¢(L) + ¢(M/L). Since L # 0 and M/L # 0

0GLSEM

is a strict-chain. By Lemma 99 we an extend this strict chain to a composition series for M:

OzMong;Cé---th,l;L:Mt;CéMtH;Cé-u;Mn:M.
Now
O:MOgM1§-~;CéMt_1;L:Mt

is a composition series for L; hence,
(L) =t.

We also have
0=L/L ;Cé M1/ L ; ;Cé M, /L = M/L.

In this strict-chain each successive quotient is isomorphic to M;/M;_, for some i € {t +1,...

and is hence simple. It follows that the above strict-chain is a composition series. Hence,
((M/L)=n—t.

Adding, we obtain
L)+ {4{(M/L)=t+ (n—t) =n=4L0M).

This completes the proof.

We consider composition series for some examples. First we consider PIDs.

SO8

Lemma 104. Let R be a PID that is not a field. Let M be an R-module. Then M has finite length

if and only if M 1is finitely generated and there exists v € R, r # 0, such that rM = 0.

Proof. This is an assigned homework problem.

O

Example. Let R = 7Z. Let M be a finitely generated Z-module. Then M has finite length if and

only if M is finite.

Proof. Assume that M has finite length. Let M be generated by mq, ..., m;. By the example on

page 74 there exists an epimorphism
f

7! — M.
Let K = ker(f). We have a short exact sequence

0—K —7Z—M-—0
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so that M = Z!/K. By Lemma 104 there exists r € N such that rM = 0. This implies that
rZt C ker(f) = K. Now
K/rZ! C 7t IrZ!.

Since Z'/rZ! is finite, so is K/rZ'. Hence
M=K = (2t )rZh) ) (K /rZt)

is also finite.

Now suppose that M is finite. Since M is a finite abelian group we have rM = 0 where r = #M. 0O
Example. Let R = Z, and let M = Z/60Z. Determine a composition series for M.

Proof. We have

0 G 30Z/60Z G 15Z/60Z G 3Z/60Z G Z/60Z.
=~ =~ <~ <~
7./2Z 7./2Z Z/5Z 7/3Z

This is a composition series because each quotient is simple. The following is also a composition

series:
0 ;Cé 127./60Z ;Cé 47./60Z ;Ct 27./60Z ;Cé Z/60Z.
=~ =~ =~ =~
7|57 7./3L 7)27 7./27Z
Note that we get the same composition factors. O

In the previous example we used the following elementary lemma:

Lemma 105. Let R be an integral domain. Let r,s € R with r # 0. Then
R/(s) = (r)/(rs) =rR/rsR.

Proof. Define f : R — (r)/(rs) by f(z) = rx + (rs) for x € R. Then f is an R-homomorphism.
Clearly, f is surjective. Assume = € R is such that f(z) = 0. Then ra € (rs). Hence, there exists
a € R such that ro = ars. Since R is an integral domain and r # 0, z = as. Hence, x € (s).
Clearly, (s) C ker(f). Hence, R/(s) = (r)/(rs) by the First Isomorphism Theorem. O

Example. Let K be a field and let X be an indeterminate. Let R = K[X]|. Then R is a PID and
hence Noetherian. Let p(X) = X3 + X2 — X — 1. Let I = (p(X)) and set M = R/I. Show that

the R-module M has finite length and determine a composition series for M.

Proof. The module M is clearly finitely generated. We have p(X)-M = 0. Lemma 104 now implies
that M has finite length. To find a composition series for M we first factor p(X):

pX)=X>+X2-X-1=(X+1D}X-1).
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We then have:

0 & (X+1H)/pX) & X+1)/eX)) G R/(pX))
X~ X~ <~
R/(X~1)~K R/(X+1)~K R/(X+1)~K
For this, we repeatedly used Lemma 105. 0

If R is a PID and I is a non-zero ideal of R, then similar reasoning proves that R/I has finite length,
and calculates a composition series for R/I (factor I as a product of powers of prime ideals).
What if R is not a PID?

Lemma 106. Let R be a Noetherian ring and assume R # 0. Let N be an R-module. Then R has
finite length if and only if N is finitely generated and there exist maximal ideals My, ..., M, of R
such that

My---M,-N=0.

Proof. This is an assigned homework exercise. O

Example. Let K be a field and let X and Y be indeterminates. Let R = K[X,Y]; then R is
Noetherian. Let [ = (X2 — X, XY — X, XY —Y,Y?2 - Y) and N = R/I. Show that N has finite

length and compute a composition series for N.

Proof. Tt is clear that N is finitely generated. We first note that if M; = (X,Y) and My =
(X —1,Y —1), then
I=MM,=(X,Y)(X-1,Y -1).

The ideals M; and My are maximal. We have MM, - N = 0. Hence, N has finite length. We have

0 C MJI S N=R/L
N NG
R/MQEK R/Mng

We used that M7 and Ms are comaximal so that:
Ml/f = Ml/MlMQ = Ml/(Ml N Mg) = (Ml + MQ)/MQ = R/M2

This completes the argument. O

Example. Let K be a field and let X and Y be indeterminates. Let R = K[X,Y]; then R is
Noetherian. Let I = (X). Show that N = R/I does not have finite length.

Proof. Assume that N = R/I has finite length; we will obtain a contradiction. By Theorem 100
the R-module N must satisfy both the ACC and DCC. For k € N define Ny = R(Y*+1). We then
have

-+ C N3 C Ny C© Ny CNy=N.
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Since N satisfies the DCC there exists k& € N such that Ny = Ny, i.e., R(Y* +1) = R(Y ! +1).
This implies that there exist p(X,Y"),¢(X,Y) € R such that

YE = p(X, V)Y 4 ¢(X,Y)X.
Letting X = 0 in this equation we get
Y* =p(0, Y)Y

This is a contradiction. O
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8 Noetherian rings

Let R be a commutative ring, and let X be an indeterminate. Our first goal is to prove the Hilbert
Basis Theorem, which asserts that if R is Noetherian, then R[X] is Noetherian. For the proof of
this theorem we will follow some exposition of Emil Artin.

Let R be a commutative ring. To prove the Hilbert Basis Theorem we will need to relate ideals in
R[X] to ideals in R. We make the following definition. Let I be an ideal of R[X], and let n € Ny.
We let I, be the subset of r € I such that there exists p(X) € I such that

p(X)=ap+ar1 X+ +a, X" 4rX"

for some aqg,...,an,—1 € R.

Lemma 107. Let R be a commutative ring, and let X be an indeterminate. Let I be an ideal of
R[X].

(i) For n € Ng the set I, is an ideal of R.

(i) For n € Ny, we have I, C Ip41.

Proof. (i) Let n € Ng. Let r1,7r2 € I,, and let r € R; to prove that I, is an ideal of R it will suffice
to prove that r1 + rro € I,,. By definition, there exist polynomials p;(X), p2(X) € I with the form

p(X)=ap+ar X+ +ap 1 X" 4 X",
P2a(X) =bo+ 01X 4+ by 1 XM 4 X

We have
p1(X) 4+ rpa(X) = (ap + rbo) + (a1 +7b1)X + -+ (ap—1 + rbn_l)anl + (ry +rro) X"

Since [ is an ideal we have p;(X) + rp2(X) € I. By the above expression for p;(X) + rp2(X) and
the definition of I,, we obtain r1 + rr9 € I,,.
(ii) Let n € Ny. Let r € I,,. Then there exists p(X) € I of the form

p(X)=ao+a X + -+ a1 X" +rX"

We have
p(X)X =apX + a3 4+ ap 1 X" +rX"H

Using the definition of I, we see that r € I,,41. ]

Lemma 108. Let R be a commutative ring, and let X be an indeterminate. Let I and J be ideals
of R[X] such that I C J.

(i) Forn € Ny we have I, C J,.

(ii) If I, = Jy, for allm € Ng then I = J.
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Proof. (i) This follows immediately from the definitions of I, J,,, and the assumption that I C J.
(ii) Assume that I, = J,, for all n € Ny. We need to prove that J C I. For n € Ny, let

S(n): If f(X) € J and deg(f(X)) = n, then f(X) € I.

To prove that J C I it will suffice to prove that S(n) is true for all n € Ny; we will prove this by
induction on n. Assume first that n = 0, and let f(X) € J with deg(f(X)) =0, so that f(X) = by

is a constant. Considering the definitions of Iy and .Jy, we see that

Iy = constant polynomials contained in I,

Jo = constant polynomials contained in J.

Since f(X) = by € J, we see from the second equality that f(X) € Jy. By hypothesis, Iy = Jo.
Hence, f(X) € Iy. By the first equality, f(X) € I. This proves S(0). Now assume that S(n — 1)
holds for some n € N; we will prove that that S(n) holds. Let f(X) € J with deg(f(X)) = n.
Write

F(X) =bo+biX + -+ b, X"

Since f(X) € J we have b, € J,. Since I, = J,,, we have b, € I,,. Hence, there exists g(X) € I of
the form
g X)=ar+a X+ -+ b, X"

Since I C J we also have g(X) € J. Now

F(X) = g(X) = (b — ag) + (b = a1) X + -+ + (bp-1 — ap-1) X",
This polynomial is in J. Since S(n — 1) holds we have f(X) — g(X) € I. Since g(X) € I, we get
f(X) = (f(X) = g(x)) + g(X) € I, proving S(n). O

Theorem 109 (Hilbert Basis Theorem). Let R be a Noetherian commutative ring, and let X be

an indeterminate. Then R[X] is Noetherian.

Proof. Let
I0)CI(1)CI(2)C---

be an ascending chain of ideals in R[X]; we need to prove that this chain eventually becomes

stationary. By Lemma 107 and Lemma 108 we have the following diagram of inclusions of ideals
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of R:
U U U U
I8 C IBn C 1B} € I c
U U U U
I(2)0 € I(2)1 C I(2)2 C I(2)3 C
U U U U
I(1)o € I(1)1 € I(1)2 C I(1)s C
U U U U

I(0)g € I1(0)1 < I(0)2

N
=~
=
Pl
IN

The ideals on the diagonal form an ascending chain:
I(0)o S I(1)1 CI(2)2C -+

Since R is Noetherian, this chain eventually becomes stationary. In terms of the diagram this

implies that all the ideals in an infinite square region are equal:

T

To the left of this region there are finitely many ascending vertical chains of ideals. Each of these

vertical chains eventually becomes stationary because R is Noetherian. It follows that there is a
horizontal line above which each vertical chain becomes stationary. That is, there exists N € N
such that
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By (ii) of Lemma 108, from the bottom two rows we get
I(N)=1I(N+1),
from the second and third from the bottom rows we get
I(N+1)=1I(N+2),
and so on. In conclusion, we obtain
IINy=I(N+1)=I(N+2)="---.

This completes the proof. O

Corollary 110. Let R be a Noetherian commutative ring. If X1,..., X, are indeterminates, then
R[X1,...,X,] is Noetherian.

Proof. By the Hilbert Basis Theorem the ring R[X] is Noetherian. Since (R[X1])[X2] = R[X1, X9],
the Hilbert Basis Theorem again implies that R[X7, X5] is Noetherian. Continuing, it follows that
R[X1,...,X,] is Noetherian. O

One may similarly prove the following theorem (we omit the proof):

Theorem 111. Let R be a Noetherian commutative ring, and let X1 ..., X, be indeterminates.
Then the ring R[[X1,...,X,]] is Noetherian.

Let R be a Noetherian commutative ring. Let S be a multiplicatively closed subset of R. Earlier,

in a homework exercise, we proved that S~™'R is Noetherian. We also have the following result:

Proposition 112. Let R be a Noetherian commutative ring. Let R’ be a commutative ring, and

let f: R — R’ be a surjective ring homomorphism. Then R’ is Noetherian.

Proof. Let
LI, CI3C---

be an ascending chain of ideals of R’. Then

UL Cf N L) St Us) C -

is an ascending chain of ideals of R. Since R is Noetherian, there exists n € N such that f~1(I,,) =
f~1(I,) for k € N. Let k € N. Since f is surjective, we have

In+k = f(f71(1n+k)) = f(fil(In)) = In.

It follows that R’ is Noetherian. O
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Corollary 113. Let R be a Noetherian commutative ring, and let I be an ideal of R. Then R/I

1s a Noetherian ring.

We now develop some ideas that will result in proofs of two important results about commutative

rings: Nakayama’s Lemma and Krull’s Intersection Theorem.

Lemma 114. Let R be a commutative ring, and let I be an ideal of R. Assume that /T is finitely
generated. Then there exists n € N such that (vVI)* C 1.

Proof. Let ay, ..., a; € VI be generators for v/I. Fori € {1,...,k} let n; € N be such that a’ € 1.

Define
k

n=1+> (n;—1).

i=1
To prove that (v/I)® C I it suffices to prove that if r1,...,r, € VI, then r{---1r, € I. Let
rl,...,rne\ﬁ. For 1 <1 < n write

k
T, = E sijaj
Jj=1

for some s;; € R. Then

_ } : el ek
Tl"'rn— 661,...,6ka1 ak
er,...,ex €Ng
e1+--+ep=n
where ¢, ..., ¢, € R. Consider a term c., . ¢,a7" ~-aZ’“ of this sum. We claim that for some ¢
with 1 <1 < k we have e; > n;. Suppose that e; < nq,...,er < ng; we will obtain a contradiction.

We have
n=e +--+e<n—1+-4+n—-1l=n—-k+1=n-1

This is a contradiction. It follows that for some ¢ with 1 < ¢ < k we have e; > n;. Hence,

k
€; .
061,---761@“? T aZk = | Cersnren H ajj a;‘% el
j=1
J#1
since a;" € I. It follows that ry---r, € I, as desired. O

Let R be a commutative ring. We define the Jacobson radical of R to be

Jac(R) = ﬂ M.

M maximal ideal of R
Clearly, Jac(R) is an ideal of R.
Example. If K is a field, then K has only one maximal ideal, namely 0. Hence, Jac(K) = 0.
Example. Assume R is quasi-local commutative ring. Then Jac(R) = M, the unique maximal

ideal of R.
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Lemma 115. Let R be a commutative ring, and let r € R. Then r € Jac(R) if and only if for

every a € R the element 1 — ra is a unit of R.

Proof. Assume that r € Jac(R). Let a € R, and assume that 1 — ra is not a unit; we will obtain a
contradiction. Since 1 —ra is not a unit, there exists a maximal ideal M of R such that 1 —ra € M.
Since r € Jac(R), we obtain ra € M. This implies that 1 = 1 — ra + ra € M, a contradiction.
Now assume that 1 — ra is a unit of R for all @ € R. Let M be a maximal ideal of R; we need to
prove that » € M. Assume that r ¢ M; we will obtain a contradiction. Now M + Rr is an ideal of
R and we have

MG M+ Rr CR.

Since M is maximal we must have M + Rr = R. Hence, there exists b € M and a € R such that
b+ar=1. Nowb=1—ar € M, and 1 —ar is a unit; this implies that M = R, a contradiction. [J

Theorem 116. Let R be a Noetherian commutative ring. Let I be an ideal of R, and define
J=no 1" Then J =1J.

Proof. If I = R, then this is clear. Assume that I is proper. Since IJ C J, it will suffice to prove
that J C IJ. Now IJ C J C I. Hence, IJ is also proper. Since R is Noetherian, IJ has a primary

decomposition (see Theorem 52). Let
IJ=Qin---NQn

be a primary decomposition of I.J. To prove that J C IJ it will suffice to prove that J C @Q; for
1 <7 < n. Suppose that for some i with 1 < i < n we have J € @;; we will obtain a contradiction.
Since J Z Q;, there exists a € J such that a ¢ Q;. Now

al CIT=Q1N--NQnC Q.

Let b € I. Then ab € Q;; since @; is primary and since a ¢ @; we have b € 1/Q);. Hence, I C /Q;.
By Lemma 114, there exists ¢ € N such that (v/Q;)! C Q;. We now have

J=[(I"CI'S (VQ)' Q.

n=1
This is a contradiction. O

Theorem 117 (Nakayama’s Lemma). Let R be a commutative ring, and let M be a finitely gen-
erated R-module. Let I be an ideal of R such that I C Jac(R). If M = IM, then M = 0.

Proof. Assume that M = IM, and that M # 0; we will obtain a contradiction. Let mq,...,m,
be a minimal set of generators for M. Since M # 0, we must have n > 1. Now m; € M = IM.

Hence, there exist aq,...,a, € I such that
mi1=aimi+---+ apmy,
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(1 —a1)my = agmag + - - + apmy,.
Since I C Jac(R) we have a; € Jac(R). By Lemma 115, the element 1 — a; is a unit of R. Hence,
my = (1 —a1) tagmo + - + (1 — a1) La,my,.

This implies that M is generated by mao, ..., m,, contradicting the minimality of my,...,m,. O

Theorem 118 (Krull’s Intersection Theorem). Let R be a Noetherian commutative ring. Let I be
an ideal of R such that I C Jac(R). Then

o
I =o.
n=1

Proof. Let J = N2, I". By Theorem 115 we have IJ = J. Since R is Noetherian, J is a finitely
generated ideal and hence a finitely generated R-module. We have J = 0 by Nakayama’s Lemma,

which completes the proof. O

Let R be a non-trivial Noetherian commutative ring. We say that R is local if R contains a unique

maximal ideal. We say that R is semsi-local if R has finitely many maximal ideals.
Corollary 119. If R is a local ring, and M is the mazimal ideal of R, then (,—; M™ = 0.

Proof. We have Jac(R) = M. Since M C Jac(R), by Krull’s Intersection Theorem (Theorem 118),
we have (o2, M™ = 0. O

We will now prove a series of results that will show that every Artinian commutative ring is

Noetherian; we will also characterize Artinian rings among Noetherian rings.

Proposition 120. Let R be a non-trivial Noetherian commutative ring. Assume that every prime
ideal of R is mazximal. Then

(i) R is semi-local.

(ii) R is Artinian.
Proof. (i). Since R is non-trivial, 0 is a proper ideal of R. By Theorem 52, since R is Noetherian,
0 has a primary decomposition. Since every minimal prime ideal of 0 is contained in assg(0), and
since assg(0) is finite, it follows that there are finitely many minimal prime ideals of 0. To prove
that R is semi-local it will now suffice to prove that every maximal ideal of R is a minimal prime
ideal of R. Let M be a maximal ideal of R. Let P be a prime ideal of R such that 0 C P C M. By
hypothesis, P is also maximal; since P C M ; R, we must have P = M. Thus, M is a minimal
prime ideal of 0, as desired.

(ii). By (i), R has finitely many maximal ideals My, ..., M,. Now

VO = ﬂ P (by Lemma 28)

P prime ideal
of R
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= ﬂ M (maximal ideals = prime ideals by hypothesis)

M maximal ideal
of R

=M N---NM,.

Also, by Lemma 114, there exists t € N such that (v/0)! = 0. Hence,

This trivially implies that M! - .- M!R = 0. Since R is Noetherian as an R-module (we are assuming
that R is a Noetherian commutative ring), we conclude by Theorem 96 that R is an Artinian R-

module. This means that R is an Artinian ring. O

Proposition 121. Let R be an Artinian commutative ring. Then every prime ideal of R is maxi-

mal.

Proof. Let P be a prime ideal of R. Let R = R/P. Since P is a prime ideal of R, R is an integral
domain. Also, since R is Artinian, so is R’ (see Lemma 92). By Exercise 7.8, R is a field (note

that the hypothesis that R is a PID is unnecessary). Since R’ is a field, P is maximal. O
Lemma 122. Let R be an Artinian commutative ring. Then R has finitely many mazimal ideals.

Proof. We may assume that R is non-trivial. Let X be the set of all ideals of R that are intersections
of finitely many maximal ideals of R. Since R is Artinian, X contains a minimal element J. Since
J € X, there exist maximal ideals M, ..., M,, of R such that

J=MN---NM,.
We claim that M, ..., M, are the maximal ideals of R. Let M be a maximal ideal of R. Consider
I=MnMnN---NM,.
We have I € X and I C J. By the minimality of J we must have I = J, i.e.,
Min---NM,=MNMN---NM,.

This implies that
Min---NM, CM.

Since M is a prime ideal of R, this implies that M; C M for some i € {1,...,n} (see Lemma 31).
Since M; C M ; R, and since M; is maximal, we obtain M; = M. This completes the proof. [
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Proposition 123. Let R be an Artinian commutative ring. Let N = /0, the nilradical of R. Then
there exists t € N such that N* =0, i.e., (+/0)! = 0.

Proof. Consider the descending chain
..CN*CN?’CN.

Since R is Artinian, this chain becomes stationary. Let t € N be such that N = N**" for n € N.
We claim that Nt = 0. Suppose that N # 0; we will obtain a contradiction. Let

Y = {ideals I of R such that IN" # 0}.

We have N™ € Y for n € N. Hence, Y is non-empty. Since R is Artinian, Y contains a minimal
element J. By definition, JN! # 00. Hence, there exists a € .J such that aN® # 0. This implies
that (aR)N* # 0, so that aR € Y. Since aR C J and J is minimal, we must have J = aR. We also

have

(aNY)N' = aN?*
= aRN?
= aRN!
= JN!
# 0.

This implies that aN! € Y. Since aN! C aR = .J, the minimality of J implies that J = aN'. Since
a € J, there exists b € N such that a = ab. Since b € Nt and N' C N, by the definition of N
there exists m € N such that " = 0. Now

a=ab=abb=---=ab™ = 0.

Hence, JN! = aRN?® = 0, a contradiction. This completes the proof. ]
Theorem 124. Let R be an Artinian commutative ring. Then R is Noetherian.

Proof. We may assume that R is non-trivial. By Proposition 121, every prime ideal of R is maximal,

and by Lemma 122, R has only finitely many maximal ideals My, ..., M,. It follows that:

V0 = ﬂ P (by Lemma 28)

P prime ideal
of R

= ﬂ M (maximal ideals = prime ideals)

M maximal ideal
of R

=M NN M,.
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Also, by Proposition 123, there exists ¢t € N such that (v/0)! = 0. Hence,

This trivially implies that M} --- M!R = 0. Since R is Artinian as an R-module (we are assuming
that R is an Artinian commutative ring), we conclude by Theorem 96 that R is an Noetherian

R-module. This means that R is a Noetherian ring. O

Corollary 125. Let R be a commutative ring. Then R is Artinian if and only if R is Noetherian

and every prime ideal of R is mazximal.

Proof. Assume that R is Artinian. Then R is Noetherian by Theorem 124, and every prime ideal
of R is maximal by Proposition 121.

Assume that R is Noetherian and every prime ideal of R is maximal. Then R is Artinian by
Proposition 120. 0
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9 Modules over PIDs

In this section we consider the structure of finitely generated modules over a PID. Our first goal is

to prove the Elementary Divisors Theorem.

Lemma 126. Let R be a non-trivial commutative ring, and let F' be a non-zero free R-module with
finite base (e;)7 . If y € F', write

n
Y= E Ti€;
i=1

and let C(y) = (r1,...,7m) = Y iy Rri, the ideal in R generated by r1,...,1my,. Then the ideal C(y)

does not depend on the choice of base (e;)_, for F.

Proof. By Theorem 88 all bases for F' have the same cardinality. Let (e})_; be another base for
F,and let r,...,7), € R be such that

n
Y= Z riel.
i=1
We need to prove that (r1,...,r,) = (r1,...,7],). Let a;;,b;; € R, 1 <1, < n be such that
n n
6;» = Zaijej, €; — Z bije;-.
j=1 j=1
Now

n
y= Z?”z‘ei
i=1
n n
- ) b;:e
= T Uej
=1 j

— o
n n n
> e =3 (S )
j=1 j=1 \i=1
This implies that
n
T‘;Z Tbij) 1S] Sn
=1
Hence,
(rllv 7rn) - (7"17 7Tn)
Similarly,
(r1y.esmn) C (0, .., 1h).
It follows that (r,...,7),) = (r1,...,75), as desired. O
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Lemma 127. Let R be a PID, and let F' be a non-zero free R-module with finite base. Let y € F,
and let ¢, € R be a generator for the ideal C(y), so that C(y) = (cy). Then there exists a base
(el)iy for F such that y = cye].

Proof. We will prove the lemma by induction on n. Assume first that n = 1. If y = 0, then the
assertion of the lemma is trivially true. Assume that y # 0. Let e; be a base for F' so that F = Re;.
Let 7 € R be such that y = re;. Then r # 0 because y # 0. By the definition of C(y) we have
C(y) = (r). Since we also have C(y) = (¢y), and since R is an integral domain, there exists a unit

u of R such that ¢, = ur. Now

-1

y=re = ur(u_lel) =cy(u""e1).

Set ) =u"'e;. Then €] is a base for F', and y = ¢,e/, which completes the proof of the lemma in
the case n = 1.
Now suppose that n > 1 and the lemma holds for n — 1. Again, the assertion of the lemma is

trivially true if y = 0; assume that y = 0. Let (e;)]"; be a base for F. Write
y=mrer+---+rpen
for some 71, ...,r, € R. By definition, we have
Cly) = (r1,...,mn) = (¢y)-
Define

F' = Rey + -+ + Re,,

zZ=r9€y+ -+ rey.
Then F’ is a free R-module of rank n — 1 and we have
y=rie1 + z.

We apply the induction hypothesis to F’ and z. By this, there exists a base (e/)!_, for F’ such
that

2
Z = Cyey

where

(c2) = (ro,...,Tn).

Now
(ey) = (r1,...rn) = (r1) + (ro,...,rn) = (1) + (c2).
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It follows that there exist s,¢ € R such that
r1 = 8¢y, cy = tley.
Also, there exist u,v € R such that
Cy = ury + vc;.
Substituting, we obtain:
Cy = ury +ve,

= uscy + vtcy

cy = (us + vt)ey.
Since ¢, # 0 and R is an integral domain we conclude that
1 =us+ vt.
We now define

e = sey + tey,
ey = vey — uey,

/ 1 .
e; =€, for 3<i<n.

Then

/ 2
cyer = cy(ser + tey)
. "
= ¢yseq + cytey
"
=T1€1 + Cz€y
=rie; +z

To complete the proof we need to prove that (e})? ; is a base for F. Now

F = Rey + Reg + -+ Re,
= Re1 + Rey + -+ + Rel
= Re1 + Rey + Rel + -+ + Rel
= Rey + Rel + Rel + - - + Rey,.
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We consider Re; + Relj. Now

ue) + tey = u(ser +teh) + t(ver — uey)
= usey + utely + tvey — tueh
= (us + tv)er

= e€1.
And

ve| — sey = v(ser + tey) — s(ver — uely)
. " "
= vsey + vteg — sveq + suey
= (vt + su)el

1
— 62.

This implies that

Rey + Reg C Re’1 + Re'2.
Also, from the definition of €] and €}, we have

Reé| + Rel, C Rey + Rey.
Hence,

Rey + Rely = Re!| + Rej.

It follows that
F = Re| + Rel, + Rely + - - - + Re|,

n:

Finally, assume that 7{,...,7/, € R are such that
riel + -+ e, =0.
Then substituting, we obtain:

/N ! ! ! ! ! !
0=rie; +ryes +1r3e3 + - + 1€y,
/ 1 / " !/ ! !
= ri(se1 + tey) + ry(ver — uesy) + r5e5 + - - + e

! n N

= (ris +rhv)er + (rit — rhu)ey + rhel + -+ 1rlel.

Since eg, €h, €5, ..., el are base for F' we must have

/ /
0=ris+ryv,

0 =rit —rhu,
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0=

17

for 3<i<n.

The first two equations can be rewritten in matrix form as:

s v ||ry| |0
t —u| [ |o|
det ( j ju]) = —(su+ot) = —1,

which is a unit in R, this 2 x 2 matrix is invertible. This implies that r; = r} = 0. This completes
the proof that (e})"_, is a base for F. O

Since

Lemma 128. Let R be a PID, and let F be a free R-module with a finite base. Let H be a submodule
of F. Let z € H be such that the ideal C(z) is a mazimal element of {C(y) : y € H} (recall that R
is Noetherian). Then C(y) C C(z) for ally € H.

Proof. Let y € H; we need to prove that C(y) C C(z). Let ¢, € R be such that C(z) = Rec,. By
Lemma 127 there exists a base (e})?; for F such that z = c,e}. Also, let r1,...,7, € R be such
that

. / !
y=ri€] + -+ e,

Now
Cly) = (r1,...,mn) = (1) + - + (rn).

To prove that C(y) C C(z) it will suffice to prove that (rq),...,(r,) € C(z). We first prove that
(r1) € C(z). Consider
(cz) + (r1) = C(2) + (r1).

This ideal is principal; let ¢ € R be such that

(cz) + (r1) = (1)
Let u,v € R be such that
t = uc, + vry.
Then

uz + vy = ucze) +v(rie] + -+ rpel)

/ / /
= (uc, + vry)e] + vrgey + - - - +ovrpe,

/ / /
=tey +vrgey + - - +vrpe,.

109



Math 557 lecture notes (University of Idaho, Fall 2022) Brooks Roberts

Hence,

By the maximality of C'(z) we have C(uz 4+ vy) = C(z) so that all of these inclusions are equalities.

Hence,

C(z) = (¢cz) = (t) = (c2) + (r1)

This implies that
(r1) C C(z2).

Finally, we prove that (r2),...,(r,) € C(z). Let w € R be such that r; = we,. We have
(1-w)z+y=(1—w)ce) +rie] +---+rpey,

/ / /
= (c; —we, +wey)e] +roey + -+,

/ / /
=cye; tro€y + -+ 1€,
Hence,

C(1—w)z+y) = (czr2,. ., n)
2 (cz)
= C(2).

By the maximality of C(z), C((1 —2)z 4+ y) = C(z), so that the inclusion is an equality:
C(z) = (czy72y. .. Tn).

This implies that
(T2>7 R (Tn) - C(z),

as desired. O

Theorem 129 (Elementary Divisors Theorem). Let R be a PID, and let F' a a non-zero free R-
module with a finite base and rank n. Let H be an R-submodule of F'. Then there exists a base

(i), for F' and elements ay,...,an, € R such that

(an) C (ap—1) € -+ C (a1)
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and H is generated by aieq,...,anen,.

Proof. We will prove this theorem by induction on n. Assume first that n = 1. Let e; be a base
for F'. Consider
I={reR:reg€ H}.

Then [ is an ideal of R. Since R is a PID, we have I = (a;) for some a; € R. Evidently, aje; € H.
We claim that aie; generates H. Let y € H. Then for some r;1 € R, we have y = rie;. By the
definition of I, r; € I. Let t € R be such that r; = ta;. Then

y =rie1 = t(arer).

Thus, aje; generates H.
Now assume that the theorem holds for the case of free R-modules of rank n — 1; we will prove that
it holds for free R-modules of rank n. By Lemma 128, there exists z € H such that

Cly) € C(2) 3)

for all y € H. Let ¢, € R be such that C(z) = (c,). By Lemma 127 there exists a base (e})"_, for
F' such that

/
z = cyeq.

Now define

F'= Rey,+ -+ Rel,,
H =HNF.

Then F’ is a free R-module of rank n — 1, and H’ is an R-submodule of F’. By the induction

hypothesis, there exists a base (e;)!", for F’ and as,...,a, € R such that

(an) € (an—1) € -+~ C (a3) C (a2)

and H' is generated by ases, ..., ane,. We also define
€] = 8,1,
a] = Cyg,
and we claim that ai,...,a, and (e;)!"; have the required properties. To prove that

(an) € (an-1) € -+ C (az2) C (a1)
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it will suffice to prove that (a2) C (a1). Now

(a1) = (c2)
=C(2)
2 Clagez)  (by (3))
= (a2) (by the definition of C(age2)).

Next we prove that (e;)? ; is a base for F. We have

F =Re| +---+ Rel,
= Re| + Re4 + - -+ + Re),
= Re} + F'

= Rey + Res + -+« + Re,.
Thus, (e;)}_; generates F. Assume that r1,...,7r, € R are such that

0=mrie1+ -+ rpen.

Since
roes + - +rpe, € F'
there exist 14, ...,r, € R such that
! ! AN
T9€2 + -+ Tpep =T9€y + -+ + T €.
Hence,

O=rie1+---+rpen
! ! AN
=Trie1 +1ry€y -+ 1,6,

/ %) !
=1rie] +1ryey -+ 1€,

Since (e})I", is a base for F, we have

This implies that
o€y + -+ + rpe, = 0.

Since (€)1, is a base for F', rg = -+ = r, = 0. This completes the argument that (e;)!" ; is a base
for F.
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Finally, we prove that H is generated by aiey,...,ane,. We first note that
aje] = czell =z€H,

and that ages, ... ,ane, € H C H. Next, let y € H. Let s1,...,5, € R be such that
Yy =811+ -+ Speén.

Then

(81) Q (81, e ,Sn)

=C(y)
CC(2)

= (cz).
Hence, there exists ¢ € R such that s; = tc,. Now

y —taje; = s1e1 + -+ + spep — tare;
= (s1 — tay)er + s2ea + - - - + spey,
= S9€9 + -+ + Spén

cF'NH=H.
Since H' is generated by asges, ..., ane,, we obtain
S9€o + -+ + spe, € Rases + - - - Rapey,.

We conclude that
y € Raje; + Rases + - - - + Rapen,

so that ajeq,...,ane, generate H. ]

Corollary 130. Let R be a PID, and let F' be a non-zero free R-module with a finite base. If H is
a submodule of F, then H is free, and rank(H) < rank(F).

Proof. By Theorem 129, there exists a base (e;)I"; for F' and ay,...,a, € R such that
(an) c (an—l) c-.-C (al)

and H is generated by aier,...,ane,. We note that if 1 < j < n is such that a; = 0, then

ap = ap—1 = --- = a; = 0. If there exists a 1 < j < n such that a; = 0, then let ¢ be the smallest
such that j; if no such j exists let t = n 4+ 1. We have a; # 0 for 1 < ¢ <t —1. If t = 1, then
a1 =---=a, =0, and H = 0 so that there is nothing to prove. Assume that ¢ > 1. To complete
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the proof it will suffice to prove that (aiei)ﬁ;} is a base for H. Assume that r1,...,r;_1 are such
that

t—1
E ria;e; = 0.
=1

Since (e;)j, is a base for F' we have ra; = --- = r_ja;,—1 = 0. Also, since a; #0,...,a;—1 # 0,
we get 1 = -+ =141 = 0. Finally, since {aje1, - ,ai—1e,-1} = {a1e1,...,ane,} generates H, we
conclude that (a;e;)!Z] is a base for H. O

Lemma 131. Let R be a commutative ring, and let My, ..., M, be R-modules. For 1 <i <mn, let
N; be a submodule of M;. Then the map

f:Mi®--®M, — M /N ®---®M,/N,
defined by
flmy,...;,my) = (m1+ Ni,...,my + Np)

for (my,...,my) € M1 @---® M, is a surjective homomorphism with kernel N1 @ ---® N, so that
(My @@ M)/ (N1 & - & Np) = M /N, @& - M,/N,.

Proof. We leave the proof to the reader. O

Theorem 132 (Structure theorem for finitely generated modules over a PID). Let R be a PID,
and let M be a non-zero finitely generated R-module. There exist n € N and ay,...,a, € R such
that
(an) € (an-1) S-S (a1) G R
and
M=R/(a1)® - & R/(an).

Moreover, if m € N and by,...,b, € R are such that

and
M=R/(b)® - & R/(bn),

then m = n and (a;) = (b;) for 1 <i <n.

Proof. Let M be generated by my,...,my. Let F be the free R-module on the n symbols (e])?;.
Define f: F — M by

FO rie) = rim
i=1 =1
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for r1,...,7, € R. Then f is surjective R-homomorphism. Let H = ker(f). By the first isomor-
phism theorem,
F/H=M

as R-modules. By the Elementary Divisors Theorem, Theorem 129, there exist a base (e;)}_; for
F and ay,...,a, € R such that

(an) - (an—l) c..-C (al)
and H is spanned by (a;e;)!" ;. Now

F=Rei @D Rep,
H = Raie1 @ --- ® Raye,.

By Lemma 131, we obtain
F/H = Rey/Raye; @ - - - ® Ren/Ranen.
Let ¢ € {1,...,n}. Define
g: R — Re;/Raje;

by
g(r) = re; + Raze;

for € R. Then g is a surjective R-homomorphism. Moreover, ker(g) = (a;), so that
R/(a;) = Re;/Raje;
as R-modules. We conclude that
F/H>R/(a1)® - ® R/(an).

Now if (a1) & R, then we have proven the first assertion of the theorem. Assume R = (a1). Let
r be the largest integer such that 1 < r < n and (a,) = R. Then r < n — 1; otherwise, M =0, a
contradiction. The elements a;11, ..., a, then satisfy the first assertion. Finally, we omit the proof

of the uniqueness assertion. O

Let R be a Euclidean integral domain, let m,n € N, and let M € M,,,»,,(R) so that M is an m x n
matrix with entries from R. The following are called elementary row operations on M:
(i) interchanging two rows of M;
(ii) multiplying a row of M by a unit in R;
(iii) for r € R and 1 <14,j < n with ¢ # j, adding r times the j-th row to the i-th row.

Elementary column operations are similarly defined.
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Theorem 133 (Smith normal form). Let R be an Fuclidean integral domain, let m,n € N, and let
M € M, xn(R) be non-zero. Then there exist a sequence of elementary row and column operations
on M such that M can be brought into the form

L, 0

0 0
where L, is an r X r diagonal matriz

dq

I —
dr

such that dy,...,d, € R are non-zero and dy | da | --- | dr. The ideals (d1),...,(d;) are uniquely
determined by M.
Proof. We omit the proof. O

Example. Let R = Z, let F be a free Z-module of rank 3 with base (vi)?zl, and let H be the

submodule of F' generated by the elements
r1 = Jv1 + Yvg + Yus, ro = 9v1 — 3vg + 9Yvs.

Determine the structure of the finitely generated Z module F//H.

Proof. To solve this problem we need to find a basis (ei)g’zl as in the Elementary Divisors Theorem,

Theorem 129. To do this we represent the data as the matrix

3 9 9
M =
9 -3 9
and the perform elementary row and column operations on M until we arrive at a Smith normal
form. Elementary row operations correspond to changing the generators for H; elementary column

operations correspond to changing the base for F'. After each operation the data still represents
F/H. We have

3 9 9 3 0 9 3 0 0 3 0 0
— o — —
[9 -3 9] [9 -30 9] [9 -30 —18] [O -30 —18]
3 0 0 3 0 0 3 0 0 300
— — — .
0 18 30 0 18 12 0 6 12 0 6 0
We conclude that F has a base (e;)?_; such that H is generated by 3eq, 6e2. Therefore,

FIH=(ZSZBL)/BLS6LDOL) =Z/3LBL/6L S L.
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This solves the problem. O

Example. Let R = Q[X], and let F' be a free R-module of rank 3 with base (Ui)?:p and let H be
the submodule of F' generated by

(X+1)1)1+(X2*1)UQ+X’L)3, (X+2)’U1+XU2+X21}3.

Determine the structure of the finitely generated Q[X] module F/H.

Proof. We proceed as in the previous example, using elementary row and column operations:

(X+1 X2-1 X X+1 (X-1)(X+1) X
X+2 X X?| |X+2 X X2

(X +1 0 X
X+2 X-(X-1D(X+2) X?

X+2 2—X2 Xx?
X+1 0 —1 ]

X +1 0 X]
—

(X+1 0 —1
X +2 2-X* X?—(X+2)

X+2 2-X% X?2-X-2

0 0 -1 0 0 -1
X424+ (X +1)(X2-X-2) 2-X? X2—X—2] B [X3—2X 2— X2 XQ—X—2]
0 0 1 0 0 1 1 0 0
— — .
-X2-X% 2-X2 0 0 2—-X2 0 0 X2-2 0
We conclude that F' has a basis (e;)3_; such that H is generated by ey, (X? — 2)e2. Therefore,

F/H = (Q[X] @ Q[X] @ Q[X])/(1 - Q[X] @ (X* - 2) - Q[X] ® 0 Q[X])
~ Q[X]/(1) ® Q[X]/(X? - 2) & Q[X]

QI
Q[X]/(X* - 2) ® Q[X].

I

This completes the calculation. ]

One can further decompose some of the R/(a;) from the Structure Theorem. For this we need a

lemma.

Lemma 134. Let R be a PID, let P and Py be non-zero prime ideals of R, and let e;,es € N.
Assume that Py # Py. Then P{' and Py* are comazimal.

Proof. Let Py = (p1) and P> = (p2); then p; and py are prime elements of R by Lemma 22. We
have

Prt o+ By? = (pf') + (05")

= (p{*,p5?).
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Since R is a PID, there exists d € R such that (p}', p5*) = (d). We need to prove that (d) = R, or
equivalently, d is a unit. Assume that d is not a unit; we will obtain a contradiction. Since P; and

P; are non-zero we have d # 0. Let a1, a2 € R be such that
Py’ =amd,  py’ = axd.

Our ring R is a UFD by Theorem 25. Since d is not a unit and d is non-zero, there exists n € N

and irreducible elements r1, ..., 7, such that
d=r11- 1.

Substitute, we obtain:

(& €
piairy - T, py® =agri-ccTh.
By Lemma 22 the irreducible elements r; is also prime. Since r; is prime and
(1 €9
et b

we must have r1 | p; and r1 | pa, that is, there exists s1, s2 € R such that
P1 =T151, P2 =T152.

Since p; and py are prime these elements are also irreducible. The above equalities now imply that

s1 and s9 are units. It follows that

Py = (p1) = (1) = (p2) = Po.
This is a contradiction. O

Assume now that R is a PID, and that M is a non-zero finitely generated R-module. By Theorem
132 there exist n € N and aq,...,a, € R such that

(an) - (anfl) c...C (al) ; R

and
M= R/(ay)® - ® R/(ay).

Moreover, this description is unique. However, we can further decompose some of the R/(a;).
Assume that 1 < m < n is such that a,, # 0; that since (aq) ; R, a,, is not a unit. Since R is a
UFD, we can write

(0m) = P P!

where P, = (p1),..., P = (p:) are pairwise different prime ideals of R, and ej,...,e; € N. By
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Lemma 134, the ideals P{*,..., Pf* are pairwise comaximal. By Corollary 36, we now have
R/(am) = R/(p{") @ --- @ R/ (p").
We can make another observation based on the Structure Theorem.
Lemma 135. Let R be an integral domain, and let M be an R-module. Define
M; = {m € M : there exists r € R, r # 0, such that rm = 0}.

The My is a submodule of M called the torsion submodule of M and we refer to the elements

of M; as torsion elements.

Proof. Let my1, mo € M; and s1, so € R; we need to prove that symy + somo € M;. Let ri,79 € R

be such that rq #£ 0, 7o # 0, and r1m1 = reme = 0. Then 7173 # 0 because R is an integral domain,

and:
’I"N“Q(Slml + 82m2) = T281(T1m1) + T182(T2m2)
27‘281-O+T182'0
=0.
This implies that symq + same € M;. O

Proposition 136. Let R be a PID, and let M be a non-zero finitely generated R-module. By
Theorem 132 there exist n € N and aq,...,a, € R such that

(an) C (anfl) c...C (al) ; R

and

M= R/(a1) ®-- & R/(an).

Ifay =---=a, =0, then My =0 and M is a free R-module. If a; # 0 for some 1 < i <n, and m
1s the largest such i, then
M; = R/(am) ®---® R/(a1).

Proof. Assume first that a; = -+ = a, = 0. Then M 2 R® --- ® R is a free R-module and
consequently M; = 0. Assume that a; # 0 for some 1 < i < n and let m be the largest such 1.
Then

M=M

where

M'R/(a1)® - ® R/(an) 2 R/(a1)®--- ®R/(am) PR®--- O R.

m—n
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Evidently, the elements of the submodule

R/(a1)® - & R/(am)®0&--- B0

m—n

are all torsion elements of M’ because aj - --a;,x = 0 for any element z in this submodule. Con-
versely, if z € M, and

x=(r1+(a1), ..,rm+ (@m)s Tm+1y -+, Tn)

then we must have r,,, 11 = --- =r, = 0, so that z is in the above submodule of M;. It follows that

M{=R/(a1)® - ®R/(am)D0D -0

m—n

which completes the proof. O
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